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AbstractThe dynamics and breakup of a bubble in axisymmetric flow fields has been investigated using numerical and analytical techniques. In particular, the transient bubble deformation, oscillation, and overshoot effects are considered in conjunction with the existence of steady-state solutions.To explore the dynamics of a bubble with a high degree of deformation, a numerical technique suitable for solving axisymmetric, unsteady free boundary problems in fluid mechanics has been developed. The technique is based on a finite-difference solution of the equations of motion on a moving orthogonal cur­vilinear coordinate system, which is constructed numerically and adjusted to fit the boundary at any time. For example, the steady and unsteady deformations of a bubble in uniaxial and biaxial straining flows are examined for wide ranges of the Reynolds number and the Weber number. The computations reveal that a bubble in a uniaxial straining flow extends indefinitely if the Weber number is larger than a critical value (W > Wc). Furthermore, it is shown that a bubble may not achieve a stable steady state even at subcritical values of the Weber number if the initial state is sufficiently different from the steady state. Potential flow solutions for uniaxial straining flow show that an initially deformed bubble undergoes oscillatory motion if W < We, with a frequency of oscillation that decreases as the Weber number increases and equals zero at the critical Weber number.In contrast to the uniaxial straining flow problem, a bubble at a finite Reynolds number in a biaxial straining flow has a stable steady state even though the deformation is extremely large. However, it is found that a bubble in a biaxial straining flow in the potential flow limit has exactly the same steady-state shape as in a uniaxial straining flow and a critical Weber number for breakup exists. Comparison of the results for the cases of high Reynolds numbers with the potential flow results suggests that the potential flow solution does not provide a uniformly valid approximation to the real flow at a high Reynolds number in
— v —the biaxial straining flow.As a complementary analytical study to the numerical analysis, the method of domain perturbations is used to investigate the problem of a nearly spherical bubble in an inviscid, axisymmetric straining flow. The steady-state solutions suggest the existence of a limit point at a critical value of the Weber number. Furthermore, the asymptotic analysis for oscillation has provided a formula of oscillation frequency for the principal mode such as ω2 = ωθ(l — 0.3lW), where ωo is the oscillation frequency of a bubble in a quiescent fluid.To include the weak viscous effect on the oscillation, a general formula for viscous pressure correction for a spherical bubble in an arbitrary axisymmetric flow has been derived in terms of the vorticity distribution. This formula has been applied to obtain the drag coefficient Cd — 48 ∕R by directly integrating the normal stress over the surface for a spherical bubble in a uniform streaming flow at a high Reynolds number, which has so far been possible only via indirect macroscopic balances. The direct method also reveals that the drag coefficient up to 0(-R-1) depends only on the 0(1) vorticity distribution right on the bubble surface, and is independent of the vorticity distribution inside the fluid.Finally, a voidage bubble in a fluidized bed is considered in the low Reyn­olds number limit. The problem has been formulated as a generalized drop problem with one additional parameter. The analysis shows that the steady and unsteady deformations in the creeping flow limit are exactly the same as the conventional drop problem even though the flow fields are different. The effect of the additional parameter on deformation first appears when inertial effects are considered.
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Chapter I
Numerical solution of axisymmetric, unsteady, free-boundary 
problems at finite Reynolds number
I. Finite-difference scheme and its application to 
the deformation of a bubble in a uniaxial straining flow
The text of Chapter I consists of an article which has appeared in the Physics of Fluids [30 1929 (1987)].
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AbstractA brief description is presented for a numerical technique suitable for solv­ing axisymmetric, unsteady free-boundary problems in fluid mechanics. The technique is based on a finite-difference solution of the equations of motion on a moving orthogonal curvilinear coordinate system, which is constructed numer­ically and adjusted to fit the boundary shape at any time. The initial value problem is solved using a fully implicit first-order backward time-differencing scheme in order to insure numerical stability. As an example of application, we consider the unsteady deformation of a bubble in a uniaxial extensional flow for Reynolds numbers in the range of 0.1≤ R ≤100. The computation shows that the bubble extends indefinitely if the Weber number is larger than a critical value (W > Wc). Furthermore, it is shown that a bubble may not achieve a stable steady state even at subcritical values of the Weber number if the initial shape is sufficiently different from the steady shape. Finally, we have also obtained potential-flow solutions as an approximation for R → ∞. These show that an initially deformed bubble undergoes oscillatory motion if W < Wc, with a fre­quency of oscillation (based on the surface-tension time scale), which decreases as the Weber number increases and equals zero at the critical Weber number beyond which steady solutions could not be obtained in the earlier numerical work of Ryskin and Leal [J. Fluid Meeh. 148, 37 (1984)].15 This clearly indicates that the point of non-convergence of the steady-state numerical problem is, in fact, a limit point in the branch of steady-state solutions.
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I. INTRODUCTION
We are concerned in this paper with the development of a method to solve unsteady free-boundary problems in fluid mechanics. Although the recent devel­opment of solution techniques for steady free-boundary problems was a very im­portant advance, an unsteady approach is essential to understand certain types of fluid mechanics problems, for example, finite-amplitude drop (or bubble) oscil­lation, drop breakup, etc., and may also play an important role in understanding the limitations encountered by steady algorithms in obtaining solutions for some parameter values. For example, in the unresolved problem of a rising bubble in a quiescent fluid at asymptotically large Weber numbers, a transient approach might either lead to a stable steady solution on some new branch, or reveal the lack of steady solutions, or generate a time-periodic solution. In the present paper, we first discuss the general features of a new numerical algorithm for transient, free-boundary problems, and then apply it to the specific problem of unsteady deformation of a bubble in a viscous incompressible Newtonian fluid that is undergoing a uniaxial straining flow.The existing literature on numerical methods for unsteady, free-boundary problems in fluid mechanics is quite limited. However, two quite distinct solution methods can be identified. One is the so-called boundary-integral technique, which has been applied to a wide range of problems in which an interface exhibits large departures from some initial shape.1-4 Although extremely powerful when applicable, this method is currently restricted to the limiting cases of either zero Reynolds number, or inviscid irrotational flow and this reduces its general usefulness. The second and more general class of solution methods consists of numerical techniques that are suitable when the governing differential equations are nonlinear. In this class, there are three distinct methods.The first is the so-called MAC (marker and cell) method. The MAC method employs an Eulerian mesh of computational cells and finite difference expressions to approximate the governing equations. Also used is a set of marker particles
- 5 -that move with the fluid to track the position of the free surface. This method has been successfully applied to very largely deformed free surfaces but usually with surface tension neglected5-7 (an exception is Foote7). However, an intrinsic difficulty is that the surface position does not generally coincide with the given mesh points. Thus, a special kind of interpolation technique must be used to apply the boundary conditions.The second method, which has been used to obtain most of the existing solutions of unsteady, free-surface problems, is the finite-element method.8-12 In this method the strategy for deforming the elements is the most critical factor in successful applications. Usually either a Lagrangian approach or a flow-independent scheme has been used depending on the problem. In a flow- independent scheme, the deformation of the elements is determined only by the boundary shape at each instant, so that the motion of the element nodes is independent of the velocity field of the fluid.
Finally, in the present paper, we consider a third alternative, based on a finite-difference approximation of the equations of motion applied on a boundary- fitted orthogonal curvilinear coordinate system. The finite-difference method that we have developed is a generalization of the steady algorithm reported earlier by Ryskin and Leal.13 In this scheme, all boundary surfaces of the solution domain at any time coincide exactly with a coordinate line of a nu­merically generated orthogonal coordinate system. Since this boundary-fitted coordinate system is completely determined by the boundary shape only, we do not have to worry about unreasonable grid deformation during the calcu­lation, a problem quite often encountered in application of the Lagrangian, finite-element method to unsteady, free-boundary problems. The orthogonal mapping technique has been previously applied successfully to steady axisym- metric free-boundary problems.13-16 A simple but crude mapping technique, which is totally different from orthogonal mapping, has recently been reported by Christov and Volkov.17 They introduced a boundary-fitted coordinate system
- 6 -by normalizing the radial coordinate with the distance from the origin to the bubble surface for a given angle. However, the resulting grid is non-orthogonal, and it causes non-trivial difficulties when the deformation is sufficiently large. The primary objective of the present paper is the development of a transient al­gorithm to apply the orthogonal mapping technique to unsteady, free-boundary problems.
II. PROBLEM FORMULATION
In this section we outline the mathematical formulation of a typical un­steady, free-boundary problem in which the free boundary is a gas-liquid inter­face that is assumed to be completely characterized by a constant (i.e., spatially uniform) surface tension. We assume that the liquid in our system is incom­pressible and Newtonian, and that its density and viscosity are sufficiently large compared with those of the gas that the dynamic pressure and stress fields in the gas at the interface can be neglected compared with those on the liquid side.We denote the time-dependent boundary-fitted orthogonal coordinate sys­tem as (ξ,*7,≠). For the axisymmetric problems considered here, the azimuthal angle φ is measured about the axis of symmetry. Further, for axisymmetric problems, Ryskin and Leal18 have shown that the boundary-fitted coordinates at any instant, t, can be connected with the common cylindrical coordinates 
(x,σ,φ} (with the axis of symmetry in this case being the x-axis) via a pair of mapping functions x(ζ,η,t) and σ(ξ,η,t), which satisfy the covariant Laplace equations
∂ f,∂x ∂ , 1 ∂x
∂ . .∂σ. ∂ ,1 ∂σ.
+ dfydj -°*
(la)
(là)Here the function f(ζ,η) is the so-called distortion function representing the ratio hη∕hζ of scale factors (hη = (gnn)1/2,hζ ~ (gξξ)1∕2) for the boundary- fitted coordinate system. In the present application, we use the strong constraint
- 7 -method of Ryskin and Leal18 in which f is given explicitly as a function of ξ and 
η. Furthermore, the generation of mapping functions x(ξ, η, i) and σ(ξ, η, i) for any fixed t is done in exactly the same way as described by Ryskin and Leal.13 In terms of the mapping functions x(ζ,η,t} and σ(ζ,η,t}, the scale factors are given as ^={(¾)2÷c⅛)≈},z3. M
fc" = {<>2 + <Hiz2∙ W
The main source of possible confusion in the use of boundary-fitted coordi­nates is in the calculation of time derivatives. The mapping is always defined in such a way that the time-dependent physical space domain is mapped onto the time-independent unit square in (ξ, η} (Fig. 1),o≤ξ,n≤ι.However, since the shape of physical domain is time-dependent because of the deformation of the free-boundary, the location of any fixed point (ξ, η} is also time-dependent in the physical domain. As a consequence, care must be taken to properly transform from partial time derivatives at fixed points in space to partial time derivatives in the (ζ,η} system. Generally, the relationship between two time derivatives for an arbitrary dependent variable w is given by (see also Thompson et al.19}
.∂wx ,∂w. .∂×. ■⅛ζ, - ⅛∖ - ⅛>i ∙ vw' (3)In our orthogonal coordinate system,(¾ =φ,
σt xiα Cft ζ,η
∙( ∂w ∂σ ∂w ∂σ..∂x.
hηhζ ∂ξt ∂η ∂η ∂ζ ∂t ξ,η1 ( ∂w ∂x ∂w ∂x..∂a,. • ∕∖Η7J (4)hηhζ ∂ζ ∂η ∂η ∂ζ ∂t ζ,η The fluid mechanics part of the problem, then, is to obtain solutions of the Navier-Stokes equations using a finite-difference approximation in the boundary- fitted (ξ,q)-coordinates. With axisymmetry assumed, the Navier-Stokes equa­tions are most conveniently expressed in terms of the stream function ≠ and
+
- 8 -vorticity ω in. the form
Rr.∂ω. 1 ,∂ψ ∂ .ω. ∂∙φ ∂ .ω. 11 . ..ïï⅛*,<r+ hηhζ=L ^ωσ),
L2ψ + <jj = 0, (6)where (∂ω∕∂t,}x,σ is calculated according to the transformation shown in (4), and
L2 = 1 Ï d (fd } ∖ d (
~ hnh,x∂Cσ d£} ∂∏κ
1 ∂ ∙)}∙ (7)ιη ς i ζγ η'fσ∂η The symbol R denotes an appropriate Reynolds number for the specific problem of interest.We assume, for convenience, that the coordinate mapping is defined with ξ = 1 corresponding to the interface (Fig. 1), and η = 0 and η = 1 to the symmetry axes. The boundary conditions at the symmetry axes are
≠ = 0, ω = 0 at η = 0, 1. (8)
At the gas-liquid interface (ξ = 1) we require
rfi Γr, 1 ∂F
Ψ = Jo {-u∂σhηdη = J° ^~∖^F~∖~∂t^σhr>dη^ W
corresponding to the kinematic condition. In (9) F is a function that describes the bubble shape as F(x,i) = 0, and ιtξ is the inward normal velocity. In addition, the vorticity at the bubble surface is given by2 du* , .ω = + 2't<">α"' (10)
corresponding to the condition of zero tangential stress (where is the normalcurvature of the interface in the η-direction and uη is the tangential velocity). Finally, the normal stress contributions due to pressure and viscous forces, on the one hand, and the capillary force, on the other, are required to balance.4~ jy⅛) + *(≠)) = θ (11)
- 9 -In (11) ∕C(φ) is the normal curvature in the ^-direction, W is the (dimensionless) Weber number, and Tζζ is the total normal stress, which includes both static and dynamic pressure and viscous contributions. In terms of the (ξ, ^-coordinates, 
Tζξ can be calculated in the form8
rξξ = -p + -eξξ = -p + -(-R'∙h, ∂Uζ∂ξ hζhη ∂η '+To obtain the pressure at the interface, we use the equation of motion. For the problem of unsteady bubble deformation in a uniaxial straining flow, the pressure can be calculated from the equation of motion in the formV(u2 + p) = ~2(^y)jι σ + 2(u A ω) - ~(y A ω), (12).
where ω = (0,0, —ω). By taking the ^-component of (12) and integrating with respect to η we getp = - (u∣ + «?) + ^,[2uiωA, - ±(I⅛l)±(σω)
-2eπ(f) ∙(^)zJln]^ + c'(i)5 (I3)
where en(t) is the unit tangent vector at the bubble surface. The term eη{t) ∙ 
(dn/dt)Xt<r is calculated in the form∕,∖ ∕*3u, ,∂ur∣χ 1 r f∂Cηxχ f∂erισ^ -je,w'⅛ζ--⅛,χ,σ + ttif',,7t at e"( at U’ (14)
where eηx and eησ represent the x, and σ-directional components of eη, and all time derivatives are evaluated by the formula (4). The unknown time-dependent constant C(i) is determined from the constraint of constant volume,
. ∕"1 . <>∂xx , ly = 2 Hr I (σ —) dη = constant.
Jo ∂1Ι ξ=ιThe normal curvatures ∕c(∏) an^ κ(<j>) are calculated by_ 1 ,∂x∂2σ ∂2x∂σ.'i<"l " √⅛⅛i≈ ^^ a^Rηi' (15)
-ΙΟ­Ι ∂x
κ'*> = ~7h„âï (16)Since the boundary conditions at ξ = 0 (the far-field boundary in many cases) depend on the particular problem, they are not given here.
IΠ. DISCRETIZATION AND BACKWARD TIME DIFFERENCING
In our numerical analysis, we want to solve the equations given in Sec. II in the time-independent square domain of (ξ, η). If we discretize the equations and boundary conditions onto an Nç × Nη grid system, then we can conceptually describe the resulting system of equations as a system of first-order ordinary differential equations in t with (4 × Nç × Nη + 1) unknowns (the unknowns are the mapping functions x and σ, the stream function, and the vorticity values at all grid points and the unknown constant C(i) in the pressure equation). Symbolically, we can writeM(w(f)Æ =f(w(f)), f jR(*×*<×J‰+ι) →rB×^×^+i) (17)
atwith w = wo at t = 0,where
w = (xil, ∙ ∙ ∙ ∙>OrΛriΛΓ,>≠ll, ∙ ∙ ∙,ΨNtNη,Uιι,∙ ∙ ∙, C√JVe Nη , C(i)) ,
and M(w(i)) is a non-invertible coefficient matrix.A most important feature for any unsteady, numerical solution scheme istemporal stability since such techniques will frequently be used to study the time-dependent evolution of systems that are very near to critical or marginal stability points. To insure numerical stability in the present case, we adopt a fully implicit, backward time-differencing scheme for all governing equations and boundary conditions.
M(wrt+1)
wn+1 - wn ∆t = f(wn+1), (18)
- 11 -where wn stands for the variable vector evaluated at the (n)-th time step. Al­though fully implicit time-differencing results in a huge system of highly coupled nonlinear algebraic equations for each time step, the absolute stability enables us to choose the step size arbitrarily as long as the discretization error is not significant.The actual system of nonlinear algebraic equations in the present case is extremely complicated. In addition, the integrals in the boundary conditions (the kinematic condition, the normal stress condition, and the constant volume constraint) make the problem even more complicated. However, the governing equations can be expressed in a standard form after discretization and time stepping as 0 = ∕2 ∂2w ∂2w+ ∂w ∂w+ 9l~77 ÷ ---- h 93W + 94»∂t2 ∂η2 'li∂ζ , '^∂ηin which g’s are coefficients that do not depend explicitly on w (the discretization is not shown explicitly here for simplicity). The g’s for the example problem will be given explicitly in Sec. V. Although the boundary conditions are very com­plicated, the discretization of governing equations into the form above enables us to use the global iterative scheme, which is discussed below.
IV. SOLUTION ALGORITHM
The problem, from a numerical point of view, is to solve simultaneously the differential Eqs. (l),(4), and (5) for the mapping functions and the stream function/vorticity fields subject to conditions (8)-(ll) at the interface ζ = 1 and 
η = 0,1 as indicated above. Inherent in the mapping functions and boundary conditions is the shape of the interface as a function of time. Our transient algorithm is based on a fully implicit time-stepping procedure as described in the preceding section, and an iterative ADI method to solve the system of algebraic equations at each time step. A brief summary of our algorithm is as follows.1. Choose some initial state (bubble shape and velocity field) for given values of the parameters R and W. Usually we take the steady or transient solution
- 12 -for some different values of R or W as the initial state, and at t = 0 we suddenly change R or W to the desired values.2. Starting from this initial state, solve simultaneously the discretized version of the governing equations (1), (4), and (5) subject to the boundary con­ditions (8)-(ll) using the iterative ADI method, to determine the stream function/vorticity and coordinate mapping functions (and thus the interface shape) for t = ∆i.3. Predict the solution for t = (n + l)∆i, (n ≥ 1) using the two previous time step solutions (Predictor step : Here it should be noted that the predicted solution does not satisfy all equations and boundary conditions, and that this step does not change the final result for each time step at all).4. Starting from the predicted initial guess for the solution at the (n+l)-st time step, iteratively solve the discretized version of the governing equa­tions (l), (4), and (5), subject to the boundary conditions (8)-(ll), for the (n+l)-st time step until all equations and boundary conditions are satisfied (Corrector step : Same as step 2).5. Repeat steps 3 and 4 for the next time step.Now let us look at the details of the predicor and corrector steps.
A. Prediction of the (n+l)-st time-step solution
In this step, we predict the (n+l)-st time-step solution from the (n)-th and (n-l)-st time-step solutions. Let wn and wn denote the predicted solution and the converged solution after the corrector step for the (n)-th time step t = tn (tn stands for i at the (n)-th time step). In order to simplify this predictor step as much as possible, we use basically an explicit time-differencing. However, since the coefficient matrix M in (17) is singular (note that there is no time derivative in the mapping equations and the stream function equation), we cannot simply get an expression for wn+1 directly from the explicit time differencing formula. However, if the solution of (17) is regular everywhere at any time, then without
- 13 -loss of any generality we can decompose M and w into singular and non-singular parts
(⅛ :)(;;) - (⅛S) '■·>where M11 is a non-singular matrix and Wχ and Wo are the variable vectors corresponding to non-singular and singular parts, respectively. Then, for the non-singular part we get Muw1 =f1(w).
The explicit time differencing at t = tn gives
and the implicit time differencing at t = tn gives
(20)
Mn(wn) wζi — wn∖ wl(∆i)n-1Λ— X 1 (21)fl(wn),where (∆i)n = tn+1 -tn. By eliminating Mιι(wn) and fχ(wn) from (20) and (21), we get (22)
To obtain a predictor expression for w2, we consider f2(w) — f2(wι>w2) = θ∙ By differentiating with respect to time, we have
wi.∂f21 f ∂f2 W? - L∂w2∙∣ f-3wιThen, by a similar procedure to that shown above we obtain
w
(23)
2 2-(∆iFrτl 2 2 j (24)
From (22) and (24), we have the expression for the prediction step, w"+1 - w" = ^^∙(w" - w"-*). (25)
- 14 -Equation (25) is used to predict the (n+l)-st time-step values wrt+1 from wn and wn-1.
B. Iterative ADI method for the corrector step
The global iterative scheme used for this step is a slight modification of the steady ADI algorithm of Ryskin and Leal.13 A brief summary of the scheme is as follows (see also the details in Ryskin and Leal13).1. Start with the predicted values οΐψ,ω and the mapping functions from the prediction step.2. Obtain an approximation to the stream function and vorticity fields by carrying out some small number of iterations.3. Check the normal stress condition, and if it is not satisfied, modify theinterface shape so as to reduce the imbalance between the total stress τςζ and the surface tension term + λ(≠))∙4. Compute a new orthogonal coordinate system by carrying out some small number of iterations on the mapping equations.5. Calculate the outward normal velocity (—Uξ) of the interface from the kine­matic condition and calculate the stream-function values at the interface grid points.6. Return to step 2 and repeat until all equation and boundary conditions are satisfied to a pre-determined level of accuracy.
V. APPLICATION TO THE PROBLEM OF UNSTEADY BUBBLE 
DEFORMATION
The technique described above has been applied to the problem of unsteady bubble deformation in a uniaxial straining flow. Results from this solution will be discussed in the later part of this paper. Here we touch only upon the numerical aspects of implementing the above scheme.
- 15 -The far-field boundary conditions for the uniaxial straining flow are
In this problem we assume symmetry with respect to the equatorial plane as well as axial symmetry, therefore only the x ≥ 0, a > 0 quadrant needs to be considered. The distortion function f was chosen as f = τrξ∕2. In Fig. 2, one example of a coordinate system generated for this problem is shown for the region near the bubble; it should be noted, however, that the coordinate system actually extends to infinity (see below). For illustrative purpose we plot the coordinate system for the whole bubble, but in the real calculation we considered the x > 0, σ ≥ 0 quadrant only.In order to deal with the infinite domain, we use the two-step mapping tech­nique of Ryskin and Leal13; first an orthogonal mapping is computed numeri­cally, which maps the (ζ,η) unit square to an auxiliary finite domain in (x*,σ*)- coordinates (ι*, σ* satisfy (1)); then a conformal inversion x+iσ = (x*-iσ*)~1 is used to map the (x*,σ*) auxiliary domain to the infinite domain in the (x,σ) physical space. Since finite-difference equations are written only at interior points, all coefficients in the equations will be finite even though the (x, σ)- domain will be infinite. Since the stream function tends to ∞ as ξ → 0, a new unknown stream function ≠* was introduced, which is bounded (see Ryskin and Leal13 for details). ≠, ≡ ≠ - i∞2(l - ξ5)
With these newly introduced variables, the system of nonlinear equations for each time step (Eq.(18)) can be expressed in a standard form
r2∂2w ∂2w ∂w ∂w0 = / a^+ai2+,1aξ+,2¾+,3'" + ,4∙
in which the g’s are coefficients that do not depend explicitly on w. The detailed expressions for the g’s are given in Table I. The system of discretized equations
- 16 -represented by (26) for the (ξ, ^-coordinate system has been solved with ap­propriate boundary conditions using the solution algorithm that was outlined previously.The solutions reported in the next section were all obtained on a 40 × 40 grid in ξ and η, using a fully vectorized code on the CRAY X-MP/24 of Boeing Computer Services in Seattle. The computation times for several typical cases are shown in Table II. It should be noted that, however, there was considerable variation in the computation times depending upon ADI parameters, conver­gence criteria, the accuracy of the initial guess for steady-state solutions, and other factors. In our computation we have used the following three criteria to establish convergence.1. The residual of the governing equations for each time step is given by Eq.(26). For the discrete solution of numerical analysis we can define the residual as (w denotes the discrete solution)
_ i∂2Wi ∂2Wi ∂Wi ∂wiRi = f ^5i5^ + '5i≈' + ,1^5ξ' + ,2a7 + ,3u'∙' + ,4
for i = 1,2, ∙ ∙ ∙,6400 (4 × N × N).The convergence criterion is
2. Volume conservation
3. Normal stress condition
maxl≤*≤β400 Ri I < 10~3.
V- Vo I 
Vo
< 10~3
X<*<41 , i = 1<A≤41 , wτ^ ~ 4i/C(n) + I < 10 2Since all other boundary conditions (the kinematic condition and the van­ishing tangential stress condition) are included in the calculation of boundary values for ≠* and ω, they are automatically satisfied if the maximum residual goes to zero.
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VI. INTRODUCTION TO UNSTEADY BUBBLE DEFORMATION 
IN A UNIAXIAL STRAINING FLOW
In the following sections of this paper we consider the unsteady deformation of a bubble in a uniaxial straining flow at finite Reynolds number. Although many theoretical studies have been done on bubble motion in zero (or very small) Reynolds number flow,1,20-25 very few investigations have been done for the finite-Reynolds-number regime. Recently, however, Ryskin and Leal15 studied the steady bubble deformation problem in a uniaxial straining flow using the boundary-fitted orthogonal mapping technique for Reynolds numbers ranging from 0.1 to 100, as well as for potential flow, R = oo. The potential flow problem was also studied by Miks is26 using a boundary-integral method.One interesting result in both of these previous investigations was that steady solutions could be obtained only for Weber numbers below a certain critical value, Wc, which depended on the Reynolds number. The critical values predicted by Miksis26 and by Ryskin and Leal15 for the potential flow problem using totally different numerical techniques were in very close agreement. Partly as a consequence of this, Ryskin and Leal suggested that steady axisymmetric solutions must not exist for larger values of IV, i.e., that Wc represented a limit point for the branch of solutions that emanates from the zero flow limit. However, this speculation could not be verified using the ADI technique that they employed. Therefore, in this paper, we analyze the same problem using the full unsteady code that was described in the preceding sections of this paper.In the first part of this study, we solve the initial value problem with given initial conditions for supercritical and subcritical Weber numbers. From this study we can verify the existence of a critical value of the Weber number for bubble breakup and we can also determine the effect of initial conditions on the critical value. In addition, we can also examine the bubble breakup mechanism in a straining flow at finite Reynolds number, which has not previously been studied.
- 18 -In the second part, we study the oscillatory motion of a bubble in a po­tential flow for Weber numbers below the critical value. In a companion paper, Kang and Leal,27 we have studied the small amplitude oscillatory motion of a nearly spherical bubble in an axisymmetric inviscid straining flow by means of a perturbation analysis for W ≪ 1. We found that the frequency of oscillation decreases as the Weber number increases, for example, in the case of the princi­pal mode (n = 2), ω2 = cu2(l ~ 0.31lF) where wo is the oscillation frequency of a bubble in a quiescent fluid. Furthermore, by extending the resulting formula for oscillation frequency to finite W, as well as a numerical analysis of bubble oscillations about a spherical base shape, we suggested that the oscillation fre­quency should go to zero at a certain value of the Weber number. Of course, the analysis of small amplitude oscillations is based upon small (or zero) W approximations of the steady-state shape, and one should expect that the true zero frequency point will be different from the value found by the perturbation analysis or, in the extreme, that the zero frequency point may not exist at all. In the present paper, we study the same problem by means of a full, unsteady numerical analysis to obtain accurate results for higher Weber numbers, and to find the zero frequency point.
VII. STATEMENT OF THE PROBLEM
We consider the unsteady deformation of an incompressible gas bubble of volume 5πα3 in an axisymmetric straining flow of a fluid with constant density 
p and constant viscosity μ. The density and viscosity of the gas inside the bubble are assumed to be negligible in comparison with those of the liquid. Furthermore, the surface of the bubble is assumed to be characterized completely by a uniform surface tension 7. Finally, we neglect all effects of gravity including the hydrostatic pressure variation in the fluid. If the x-axis of the cylindrical coordinate (x,σ,φ) is directed along the axis of symmetry, the (dimensional)
- 19 -velocity field far from the bubble is given by0
E>0,u = E ∙ r, E = E
where E is the principal strain rate. We use the equivalent radius α of the bubble as a characteristic length scale, the product Ea as a characteristic velocity scale, and E~1 as a characteristic time scale.The numerical solution is computed in a time-dependent, boundary-fitted orthogonal coordinate system (ξ, η,φ} obtained by the technique described in Secs. II - V. All necessary equations and boundary conditions were also given in Sec. IL The results reported here were obtained on a 40 × 40 grid in the (ξ, η)- coordinate system and we used several time-step values ranging from 10-3 to 10’1 depending on the problem. The relevant dimensionless parameters are the Reynolds number R ≡ 2p(Ea}a∕ μ based on the equivalent diameter 2α of the bubble and the Weber number W ≡ 2p(Eα)2α∕zγ.
VIII. NUMERICAL RESULTS AND DISCUSSION
A. Unsteady deformation of the bubble for slightly supercritical 
Weber numbers
We have already noted that Ryskin and Leal15 could not obtain steady solutions numerically beyond a critical Weber number, denoted below as Wcsβ, which depended on the Reynolds number. The critical values estimated by Ryskin and Leal were 0.9 < Waa < 1.0 for R=10, 2.1 < Waa < 2.2 for R=100, and 2.7 < Waa < 2.8 for R = ∞ (potential flow solution).In this section, we consider the unsteady deformation of a bubble for Weber numbers that are slightly above the critical value for the R = 10, 100, and ∞ cases. We begin with the steady solution at slightly subcritical Weber numbers, specifically, W = 0.9 for R = 10, W = 2.1 for R = 100, and W = 2.7 for 
R = ∞. Then, at t = 0, we suddenly change the Weber number to slightly
- 20 -supercritical values (W = 1.0 for R = 10, W = 2.2 for R = 100, and W = 2.8 for R = ∞) and follow the subsequent deformation of the bubble. The results are shown by the solid curves in Figs. 3, 4, and 5, which show the dimensionless half-length of the bubble ∕1∕2 (radius in the direction of a>axis) plotted as a function of dimensionless time. As we can see in Figs. 3, 4, and 5, if the Weber number is larger than the critical value, Wcββ, the bubble will extend without limit eventually leading to bubble breakup. In Figs. 3, 4, and 5, the corresponding bubble shapes are also shown at points identified by letters A, B, C, D, etc. As we can see, the elongation rate increases rapidly after the waist appears (κ(η) < 0), asymptotically approaching the rate of extension of a line element of the undisturbed flow (<∏1∕2∕dt → 11/2); It is noteworthy that the bubble deformation is primarily associated with an increase in length, rather than a rapid change in the magnitude of curvature at the waist, K(r∩ < 0, as might be expected if surface tension were a dominant factor.
The critical Weber numbers obtained above, by studying the time-dependent response to a small increment in W from a slightly sub-critical steady state, rep­resent an upper bound on W for the existence of steady bubble shapes on the solution branch emanating from the spherical equilibrium state for zero Weber number. Specifically, a bubble may not attain a steady shape even at subcrit­ical Weber numbers (i.e., W < W%a) if the initial deformation is sufficiently far from the steady shape. In order to test the effect of initial deformation, we also reduced the Weber numbers to subcritical values after first achieving a finite deformation via the continuous stretching mode described in the pre­ceding paragraph. When the Weber number was changed, the initial value of the velocity field was retained to simulate a real experiment. As we can see in Figs. 3-5, the bubble returns to the steady state only if the initial deformation does not exceed a certain critical magnitude. For example, in the R = 10 case, the two solution branches for W — 0.9 show very much different behavior, de­pending on the initial shape at the point where the Weber number is reduced.
- 21 -When the Weber number is reduced with f1∕2 = 1∙8, the bubble returns to the steady shape obtained by Ryskin and Leal15 via their steady code. When Z1∕2 is increased only a little more to 2.0, however, a reduction of W to 0.9 only reduces the rate of bubble stretch, but does not stop it. On the other hand, when W is reduced to 0.8 from the same initial deformation, i1∕2 ~ 2, the bubble returns to the steady-state shape for W = 0.8. Similar behavior is shown for R = 100 and R = ∞ in Figs. 4 and 5, with the added effect of overshoot in the shape for some cases as the bubble is driven back toward the appropriate steady state after reduction of W to a subcritical value.
B. Unsteady deformation of a bubble in start-up from rest
The results of the previous section show that a bubble will always extend without limit if the Weber number is larger than the critical value found by Ryskin and Leal15 (i.e., W > Wcββ). Furthermore, if a bubble is initially ex­tended sufficiently beyond the steady-state shape, it will extend indefinitely even at some subcritical Weber numbers (W < Wcββ). In this section we con­sider the unsteady deformation of a bubble starting from a spherical shape. This numerical experiment can be thought of as a step increase in W from zero to a new constant value at t = 0. In this case a bubble in a sub-critical flow (i.e., W < W∕β) might not attain a steady shape due, essentially, to an inertial 
overshoot of shape.The results for R = 10, R = 100 and R = oo are shown in Fig. 6. For R = 10, the shape overshoot is negligible and the bubble monotonically approaches the steady state for all W ≤ Wcββ. On the other hand, for R = 100 and R = oo, the bubble overshoots the steady-state shape at subcritical Weber numbers and may thus achieve a sufficient degree of elongation, i.e., a maximum value of lι∕2, that they cannot recover, and thus will extend indefinitely to breakup. For example, for W ≈ 2.1 and R = 100, and for W = 2.7 and R = oo, we see that the bubble undergoes a continuous stretching process, following the transient overshoot on start-up, even though a steady-state solution exists for
- 22 -these values of W and R. In contrast, however, if W is decreased a little to values of 2.0 and 2.5, respectively, the degree of overshoot is not sufficient to reach the critical deformation for onset of continuous extension. In this case, for R = 100, W = 2.0, the bubble undergoes a damped oscillation to the steady state. For R = ∞, W = 2.5, the oscillation is undamped because of the absence of viscosity. Comparing the results of Fig. 6, with the earlier results of Figs. 3-5, it appears that the minimum value of Z1∕2 required for continuous extension at a given W and R is the same, whether achieved via an inertial overshoot in start-up or by an initial stretching the bubble at some supercritical value of W.
The results in this and the previous section strongly suggest that steady state solutions are possible only for Weber numbers less than critical values that depend on the initial degree of deformation. The maximum critical value, Waβ, is the value obtained by Ryskin and Leal.15 In the present study, we obtain the same upper bound by considering very small increments from a slightly subcritical initial steady state. If the bubble shape is sufficiently deformed at some initial instant, either as a consequence of stretching in a flow with W > 
Waa, or as a consequence of initial overshoot of the shape in start-up from a sphere, the bubble will stretch at lower values of W. Of course, the initial shape cannot be simply characterized in terms of a single scalar parameter. However, if the initial deformation is not extremely large, we can attempt to correlate the initial half-length, ∕1∕2, with a critical Weber number, above which the bubble will not achieve a steady final shape. In Fig. 7, we plot this critical W as a function of I1∕2 at t — 0 for R = 10, 100 and ∞. From Fig. 7, we see that a bubble subjected to a flow that would be slightly subcritical if the bubble deformation were accomplished via a series of equilibrium steps will achieve a steady state shape only if the initial deformation is not too far from the steady shape when it is subjected to a step change in W at t = 0; in other words, the bubble shape in a subcritical flow is stable only in the neighborhood of steady state.
- 23 -
C. Sudden removal of external flow after very large deformation
In order to study the effect of a sudden removal of the external flow, we first generate a considerably elongated, though transient shape, by performing an unsteady analysis for R = 10 and W = 1.5 starting from the R = 10 and 
W = 0.9 steady solution as an initial condition. The half-length of the bubble and the corresponding bubble shapes are shown in Fig. 8. Since W = 1.5 is much larger than the critical value, the elongation is much faster than for the 
W = 1.0 case that was illustrated in Fig. 3, but the deformation characteristics (for example, the shape at the same value of ∕1∕2) are unchanged. Then after achieving a strongly deformed shape (∕1∕2 = 2.63, w = 0.49, lι∕2∣w — 5.4 : Z1∕2 is the half-length along the axis and w is the half-width along the equatorial axis) at t = 1.5, we suddenly reduced the external flow rate by a factor of 100 (i.e., 
Enew — Eoid∕ 100}. Thus, the new Reynolds number and Weber numbers are 
R = 0.1 and W = 1.5 × 10-4, respectively. Since the capillary number for this case is extremely small (Ca = W∕R = 1.5 × 10-3), the changes in bubble shape after reduction of E are essentially due solely to surface tension driven motion. The most important factor for surface tension driven flows is the curvature of the bubble surface. In the specific case shown in Fig. 8, the total curvature at the end of the bubble (η = 0) is larger than that at the equator (η = 1), as shown in Fig. 9. Thus, upon removal of the external flow, the end points move in toward the equator, and as a consequence, the points near the equator move rapidly out. As the bubble changes shape, a circulatory flow is induced around the bubble as shown in Fig. 10. One more interesting fact is that an overshoot of the final steady shape is observed even at this very small Reynolds number. Since the initial deformation is very large and the surface tension driven motion is dominant, the contraction rate becomes so large that viscous damping is not sufficient to prevent overshoot of the shape.In the specific case considered above, bubble breakup did not occur, because the initial deformation was not sufficient for the very small Weber number (W =
- 24 -1.5 × 10~4). Therefore, we performed the same calculations for larger Weber numbers (W = 0.02 and W = 0.005 for R = 0.l). The initial conditions were the same as the previous case, but from t = 0 we used different Weber numbers. The results are shown in Fig. 11. As we can see from Fig. 11, the W = 0.02 (Ca = 0.2) and the W = 0.005 (Cα = 0.05) cases exhibit totally different deformation behaviors. In the W = 0.02 case, the bubble is elongated continuously. On the other hand, for W = 0.005, the bubble will return to its steady-state shape. This result for W = 0.02 is consistent with the general perception that an elongated bubble or inviscid drop with a waist will extend indefinitely in an extensional flow at low Reynolds number (cf. Hinch2δ). However, the other cases considered in Fig. 11 show that this is not generally true. Specifically, the existence of a waist in an initially slender bubble does not lead to burst for very small Weber (or Capillary) numbers.
D. Oscillatory motion of a bubble in an inviscid straining flow
A bubble in a uniaxial straining flow exhibits quite interesting behavior as 
R → ∞, because the bubble deformation is determined by the dynamic pressure distribution, which is governed by Bernoulli’s theorem. For R → oo, Miksis26 and Ryskin and Leal15 obtained steady-state solutions using two different nu­merical techniques. However, to date unsteady transient solutions have not been obtained for this limiting case, except in the analytical work of Kang and Leal.27Kang and Leal used a perturbation technique to study oscillatory motion of nearly spherical bubbles for small Weber numbers. They found, via a rigorous asymptotic solution for small Weber numbers, that the frequency of oscillation decreases (in terms of the surface tension based time scale) as the Weber num­ber increases. This, in itself, is an interesting result because of the connection between the frequency of bubble shape oscillation and the bubble as a source of noise in hydro-acoustic flows. However, in addition, Kang and Leal suggested that the frequency of the lowest frequency mode should vanish at a critical We-
- 25 -ber number of 0(1), and carried out an ad hoc perturbation analysis for finite 
W to demonstrate this fact, based upon a spherical base state rather than the actual bubble shape at each W, and small amplitude oscillations. The value of the Weber number at zero frequency, according to this ad hoc perturbation theory, is denoted henceforth as PΓc,pert∙ For a Weber number exceeding WC)Pert, the bubble motion was found to be unstable. However, in an exact analysis, the zero frequency point of the lowest frequency mode should be the same as the limit point of the steady-state solution branch that includes the spherical shape as the zero Weber number solution. The reason is that the Jacobian matrix for the disturbance to steady state is singular at that point. In that sense, the zero frequency point obtained via the ad hoc perturbation analysis (WC)Peri) was interpreted as corresponding to the presence of a limit point for the existence of steady-state solutions rather than to a simple onset point of instability. The zero frequency point (Wejpβrt) found in the perturbation analysis was 4.62, while the limit point predicted by Ryskin and Leal was 2.7 < Wc < 2.8. It must be remembered, however, that the accuracy of the perturbation solution is lim­ited in a rigorous sense to small Weber numbers where the base shape is nearly spherical. A more accurate analysis is required to show that the frequency of oscillation really goes to zero at a certain critical Weber number, and that the critical Weber number is exactly the same as the limit point for existence of steady-state solutions as predicted by Ryskin and Leal. In the present unsteady analysis, the frequency of oscillation is estimated as a function of the Weber number from finite amplitude changes of the bubble shape.It should be noted, before discussing the results, that we use the natural surface tension based time scale in this case,
ic = (i>α3∕l)iz2.The relationship between the two dimensionless times (i for tc = E~1 and t for tc) is easily shown to be
- 26 -The initial shapes in the numerical analysis were chosen in such a way to insure the dominance of the P2(cosβ) mode oscillation (for W = 2.7, we used the shape corresponding to point B in Fig. 5; for W = 2.0, 1.0, and 0.1, we used the steady state shape for W = 2.7). In order to illustrate typical numerical results, the half-length of the bubble along the symmetry axis ∕1∕2 is plotted as a function of time in Fig. 12 for W = 1. Several bubble shapes are also shown for the corresponding points indicated as A → G. The effect of the time step size is also shown in Fig. 12. The dotted line and the solid line represent numerical solutions for the step sizes ∆t = 0.02 and ∆t = 0.01, respectively. It can be seen that there is considerable mode coupling for this finite amplitude oscillation.
In Fig. 13, the frequency of oscillation estimated from the numerical solu­tion is compared with the approximate solutions of Kang and Leal.27 The solid line represents the numerical results of the present work. The straight broken line is the rigorous first-order asymptotic solution for the small Weber number, as described earlier, while the curved broken line is the frequency change ob­tained under the ad hoc assumption that the steady-state shape is spherical for the whole Weber number range. As we can see in Fig. 13, all three results show excellent agreement for the small Weber number region. At larger Weber num­bers, the exact numerical result and the ad hoc result for perturbation about the sphere diverge. Ironically, the straight-line estimate from the rigorous, O(W), asymptotic theory provides a better estimate of the exact results in this regime than the ad hoc result, which was much more difficult to obtain. The most important results from Fig. 13, are that the oscillation frequency decreases as 
W increases and becomes zero at W = Wcsi. In other words, the critical value of W obtained here for w2 = θ is exactly the same as the limit point of the steady solution branch predicted by Ryskin and Leal. By passing W = Wc, the oscillatory motion changes to indefinite deformation for W > Wc, which clearly indicates that a steady solution cannot be obtained numerically (see Fig. 5 and the discussion in Kang and Leal27).
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IX. CONCLUSION
From the numerical study of unsteady bubble deformation in an axisym- metric straining flow we have reached the following conclusions;1. Numerical analysis: The orthogonal mapping technique is very effective for investigation of transient free-boundary problems.2. Fluid mechanics:(1) The critical Weber number found from steady-state calculations has been confirmed as the point of onset of unsteady stretching, provided we start with a shape that is close to critical. In other words, the critical Weber number predicted by the breakdown of the steady algorithm corresponds to the limit point beyond which no steady solution exists on the solution branch emanating from the spherical equilibrium state for zero Weber number.(2) We also found that the ability to attain a stable steady state at sub- critical Weber numbers is strongly dependent on the initial shape. Generally, the critical Weber number decreases as the initial elongation from steady shape increases.(3) We have shown, in one example, that a stretched bubble may return to equilibrium if the flow is removed too soon, instead of breaking up under the action of surface tension. The same behavior was found experimentally in an earlier study for drops in low Reynolds number stretching experiments (Stone 
et a/.28).(4) From the study of oscillatory motion of a bubble in an inviscid irro- tational flow, we found that the oscillation frequency decreases as the Weber number increases, and becomes zero at a certain Weber number. We also found that the zero frequency point is exactly the same as the critical Weber number (the limit point) for the existence of steady solutions as found by the steady analyses of Miksis,2β and Ryskin and Leal.15 Therefore, once again the critical Weber number is confirmed to be the maximum Weber number under which a stable steady solution is possible, at least on this branch.
- 28 -
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TABLE I. Coefficients q,s in Eq. (26).
w 9
X* qi = j∂ζ
σ* q2 =
l∂f 
f ∂η93 == 94 = 0≠* 9i = ,∂f f2 àa 'j∂ζ σ∂ξ92 = 1 ∂f 1 ∂σ f ∂η σ ∂η93 == 094 == —~(20∕σxξ3 + 15∕xξ4∣^ + 5σxξ4∣^ + 10∕σξ4~)(∕σ) + h2σω
ω qi = r∂f f2∂σ R.. R ,∂σ..∂x. R ,.∂x.,∂σ.'f∂ζ+σ∂ζ 2fkr,uξ 2^∂η^∂t∖,η + 2^∂η^∂t∖,η
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93 = R r, Uξ∂σ ι Rl uη∂σ ,f ∂σy2 Λ∂σ2 R fhηhζ2 ’ σ ∂ζ ' 2 n σ ∂η σ ∂ζ σ ∂η 2 Δί
94 =_ 22Z⅛lw(n)2 Δί
- 32 -TABLE IL Computation time of typical cases on CRAY X-MP/24.
case time step size computation time (CPU sec/step)
R = ∞
W ≈ 1.0α 0.01 0.5 - 0.7(oscillatory motion)
R = 10
W ≈ 1.0(initial stage)
R = 10
0.1 2 - 3
tY = 1.0(after very large deformation)
0.1 10- 15
α Convergence criterion for the normal stress condition ∣ ∏ ∣< 10-1 was used for this case, and ∣ ∏ ∣< 10“2 was used for others.
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FIGURE CAPTIONS
Fig. 1. Time-dependent boundary-fitted orthogonal curvilinear coordinate sys­tem.Fig. 2. The boundary-fitted coordinate system for the problem of a unsteady bubble deformation in an uniaxial extensional flow.Fig. 3. Unsteady bubble deformation near the critical Weber number (half- length and shapes for R = 10) (asymptotic curve is given by dlχ∕i∣dt = Z1∕2 with an appropriate initial condition).Fig. 4. Unsteady bubble deformation near the critical Weber number (half- length and shapes for R — 100) (asymptotic curve is given by dl1∕2∕di = ∕ 1∕2 with an appropriate initial condition).Fig. 5. Unsteady bubble deformation near the critical Weber number (half- length and shapes for R = ∞) (asymptotic curve is given by dlj∕2∕dt = i1∕2 with an appropriate initial condition).Fig. 6. Unsteady deformation of a bubble in start-up from rest.Fig. 7. The effect of initial condition (half-length) on the critical Weber number. Fig. 8. Unsteady bubble deformation after a sudden removal of external flow after a very large deformation (half-length and shapes for R = 10, W = 1.5 case  ------- ; R = 0.1, W = 1.5 × 10~4 case-------------  ; Eq is the strain rateof the original flow).Fig. 9. The curvatures of bubble surface at the time of flow removal (η = 0 corresponds to the symmetric axis and η = 1 correponds to the equatorial plane).Fig. 10. Unsteady flow field around a deforming bubble after a sudden removal of the external flow (f = t,∕E~1).10a. Velocity field before and after overshoot.10b. Magnified velocity field (factor of 3 compared with Fig. 10(a)) after overshoot.






















t = 0.001 ί = 0.015
ί = 0.003 t = 0.019
t = 0.007 ί = 0.023















Numerical solution of axisymmetric, unsteady, free-boundary 
problems at finite Reynolds number 
II. Deformation of a bubble in a biaxial straining flow
- 50
Numerical solution of axisymmetric, unsteady, free~boundary 
problems at finite Reynolds number 
∏. Deformation of a bubble in a biaxial straining flow
LS. Kang and L.G. LealDepartment of Chemical Engineering California Institute of Technology Pasadena, California 91125
- 51 -
AbstractThe steady and unsteady deformation of a bubble in a biaxial straining flow is considered for Reynolds numbers in the range 0 ≤ R ≤ 200. Numerical computations show that the bubble does not burst even at the stage of extremely high deformation. At the stage of early deformation, the elongation direction is changed from the equatorial direction to the axial direction at a marginal Reynolds number, Rm, which is between 100 and 200. The steady-state shape of a bubble in an inviscid, biaxial straining flow is identical to that in a uniaxial straining flow at the same Weber number, and the lowest mode for an oscillating bubble in an inviscid, biaxial straining flow has the same frequency as for a bubble in a uniaxial straining flow up to O(W). Comparison of the results for the cases of high Reynolds numbers (R = 100, 200) with the potential flow results suggests that the potential-flow solution does not provide a uniformly valid (for all W) approximation to the real flow at high Weber numbers. The computations for unsteady deformations show that the steady-state shapes for all Weber numbers and Reynolds numbers considered in the present study are stable even to finite disturbances.
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I. INTRODUCTION
The present paper is the second in a series (see Kang and Leal1, hereafter denoted by I) in which we use numerical methods to study the unsteady defor­mation of a bubble in axisymmetric flow fields at finite Reynolds number. In I, we considered uniaxial straining flow. Here we consider the same problem for a biaxial straining flow. Prom a mathematical point of view, the problem of biaxial straining flow is identical to that of uniaxial straining flow except for a change in sign in the boundary condition at infinity. However, this simple change in the boundary condition can result in completely different solution be­havior because of the nonlinear nature of the governing equations and boundary conditions.The deformation of a bubble in a uniaxial straining flow has been stud­ied extensively via numerical analyses1-4 as well as by approximate analytic theories.5-12 The most interesting result for a deforming bubble in a steady uniaxial straining flow is that steady solutions for bubble shape exist only for Weber numbers below a certain critical value Wc, which depends on the Reynolds number. The non-existence of steady-state solutions beyond a critical Weber number was first suggested by Miksis3 and Ryskin and Leal4 on the basis of the breakdown of their steady numerical solution algorithms. If true, the impli­cation is that the critical Weber number should be approximately equal to the maximum Weber number at which a convergent steady-state solution could be obtained. These speculations were later confirmed by the present authors via an unsteady algorithm for the full transient problem. In particular, we found that the critical Weber number from the steady codes3’4 is a point of onset of unsteady stretching, provided only that the initial shape is close to the steady shape at the same Weber number. In a companion paper to I,11 we also studied the oscillation of a bubble in a uniaxial, inviscid straining flow using the domain perturbation technique, and showed that the frequency of the lowest oscillation mode decreases monotonically as the Weber number increases. On this basis,
- 53 -we conjectured that a zero frequency point can exist for this mode at a certain Weber number, which must be identical to a limit point of the steady solution branch. The reason is that the governing equations for small oscillations are identical to the linearized equations for stability of the steady state, so that the existence of a zero frequency point (zero eigenvalue) implies a singularity in the Jacobian matrix for evolution of a disturbance about the steady state. The basic conjecture of a zero frequency point was confirmed by the numerical study of bubble oscillation in I. Furthermore, the zero frequency point turned out to be identical to the critical Weber number “predicted” by the breakdown of steady algorithms. Thus, the maximum Weber number under which steady-state solu­tions were found via the steady and transient algorithms was confirmed to be the limit point, at least on the solution branch that includes the rest state.As discussed above, the behavior of a deforming bubble in a uniaxial strain­ing flow is fairly well understood. However, in contrast to the uniaxial straining flow problem, relatively little is known about the behavior of a deforming bubble in a biaxial straining flow. We are made aware of only one analysis for this prob­lem by Frankel and Acrivos12 (Hinze,13 and Lewis and Davidson14 mentioned the biaxial flow problem, but did not give any analysis). Frankel and Acrivos calculated the bubble shape in the creeping flow limit to a moderate value of capillary number [Ca < 0.2) via a semi-analytical approach. In view of the simple change in the mathematical formulation compared with the uniaxial flow problem, it is rather surprising that so little has been done and so provides one primary motivation for the present study.In this paper, we consider both steady-state shapes and unsteady defor­mation of a bubble in a biaxial straining flow at finite Reynolds numbers. As mentioned above, our primary concern is to compare behavior for uniaxial and biaxial straining flows in order to understand the effect of nonlinearities in the governing equations and boundary conditions.
II. STATEMENT OF THE PROBLEM
- 54 -We consider the steady and unsteady deformation of an incompressible gas bubble of volume ∣ττα3 in a biaxial straining flow of a fluid with constant density 
ρ and constant viscosity μ (see Fig. 1). The density and viscosity of the gas inside the bubble are assumed to be negligible in comparison with those of liquid. Furthermore, the surface of the bubble is assumed to be characterized completely by a uniform surface tension Ί. Finally, we neglect all effects of gravity including the hydrostatic pressure variation in the fluid. If the τ-axis of a cylindrical coordinate system (2, σ, ≠) is directed along the axis of symmetry, the (dimensional) velocity field far from the bubble is given by
(-100 0 4 o0 0 I
E > 0, (1)
where E is the principal strain rate. We use the equivalent radius a of the bubble as a characteristic length scale, the product Ea as a characteristic velocity scale, and E~1 as a characteristic time scale..The relevant dimensionless parameters in this problem are the Reynolds number R ≡ 2p(Ea)a∕μbased on the equivalent diameter 2α of the bubble, and the Weber number W ≡ 2p(Ea)2a∕^f,From a mathematical point of view, the biaxial straining flow problem is exactly the same as the uniaxial straining flow problem except that the signs are changed in the boundary condition at infinity (Eq.l). However, as we shall see, this simple change in the boundary conditions turns out to result in completely different solution behavior due to the nonlinearities in the governing equations and the boundary condition at the bubble surface.
IΠ. PRELIMINARY ANALYTICAL RESULTS
In this section, we present several analytical results that can be obtained without any detailed numerical analysis. These results will be essential in un­derstanding and interpreting of the results of numerical computations, to be be given in later sections.
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A. Steady-state shape and oscillation frequency
of a bubble in potential flow
For potential flow problems, it can be shown that the steady-state shape of a bubble in a biaxial straining flow is identical to that of a bubble in a uniaxial straining flow. In itself, this assertion may not seem particularly noteworthy, and we shall see that its proof is trivial. However, it is well known,3’4’11 that a bubble in a uniaxial straining flow is elongated in the axial direction (i.e., ∕(0) > ∕(-j) when the surface is given by r = 1 + f(θ)), and the identity of shape between uniaxial and biaxial flows implies that it should be elongated in the same direction in a biaxial flow. This result of our assertion does seem quite surprising at first because it implies the counter-intuitive result of bubble elongation against the flow direction. To prove that the steady-state shapes must be identical in uniaxial and biaxial potential flow, we need only to examine the dimensionless governing equations and boundary conditions for the steady-state potential flow. The governing equation is
V2≠ = 0. (2)
For the boundary conditions at the bubble surface ( r = 1 + ∕(0) ), we have the kinematic condition,
V≠-n = 0, (3)
and the normal stress condition,
G + V≠∙V≠= Av.n. (4)
In (4), the unknown constant G must be determined from the condition of volume conservation. The far-field condition corresponding to the velocity field 
(l) is given by
φ → ±~(3cos2 θ — l)r2 as r → oo, (5)
- 56 -where “+” and ” refer to the uniaxial and the biaxial straining flows, respec­tively (hereafter the upper and lower signs of ± (or ψ) refer to the uniaxial and biaxial straining flows, respectively).Now, it is a trivial matter to show that for any given W where a steady shape exists, exactly the same steady-state shapes must be obtained for both flow types. Let us assume that a steady-state shape exists, denoted as ∕χ, for the uniaxial flow problem. The assumption of the existence of the steady-state shape, ∕χ, implies the existence of a corresponding velocity potential, ≠ι, so that the pair (∕ι, ≠ι) represent a solution of (2) - (5) for the given W (in fact, the velocity potential can be determined uniquely for a given shape from (2), (3), and (5), but the ιmiqueness is not necessary in this proof). Now, our assertion is that (∕1, —≠χ) is a solution for the biaxial straining flow problem. Clearly, 
φ = -φi satisfies the far field condition (5), and the governing equation (2) and boundary condition (3) are homogeneous and thus are invariant to a change in the sign of ≠∙, i.e., V2(-≠ι) = -V2≠1 = 0, (6)V(--≠1) - n = —V≠ι ■ n = 0. (7)The left-hand side of the normal stress condition, on the other hand, does not change sign upon transformation from φι to — ≠χ.
g + v(-≠1). V(-≠1) = G + V≠1 ∙ V≠1 = ∙ n ∣γ=1+λ (8)
Thus, if fι is a solution for the shape for φ = φι, it is also a solution of (8) for φ — ~φι∙ This proves our assertion. In physical terms, the change in the direction of the steady-state potential flow does not result in any shape change, because the deformation is due only to the distribution of dynamic pressure that has the form (—u2 + constant) along a stream line.Unlike the case of steady-state deformation, we were not able to derive any general relationship between unsteady deformations in uniaxial and biaxial flow, which is valid for the whole range of Weber numbers. However, we can show
- 57 -that the oscillation frequency of the primary mode (n = 2) is identical in both types of flow field at small Weber numbers (V7 << l). The oscillation of a bubble in a uniaxial straining flow was studied in detail by Kang and Leal.11 The most important result in the paper is that the oscillation frequency of the primary mode (n = 2) decreases as Weber number increases; i.e.,ω2 =⅛(1-O.31W)+0(W), (9)
where ω2,o is the frequency of the primary mode for an oscillating bubble in an otherwise quiescent fluid. Here we present only the minimum of analysis neces­sary to understand that (9) is true also for the biaxial straining flow problem. As in Kang and Leal,11 we introduce characteristic velocity, length, and time w>λ1m +hat are appropriate to the oscillation problem
∕ c — ö.Then the governing equation in dimensionless form isV2≠ = 0, (10)
while the kinematic condition takes the form1 ∂F I VF I ∂tand the normal stress condition becomes V≠ ∙ n, (11)G(l) + ^ + ∣V⅛∙Vfj=(V.n) (12)In (11), F is a function that describes the bubble shape as F(x,f) = 0. The far-field condition at infinity for the two types of flow is given by≠~ = ±Vψj(3c∞20-l) (jr2),
(13)
- 58 -where “+” and of “±” refer to the uniaxial and the biaxial straining flows,, respectively.The only parameter in this problem is u±y∕Wn of (13), so let us define a general parameter, ξ, such that
ξ = +λ∕W for uniaxial flow,
ζ = -~∖∕W for biaxial flow.
Then, the problem can be solved in terms of the general parameter, ζ, and the result (9) must have the form
“>2 = ⅛(1 “ 0.31ξ2) + o(ξ2).
Since the equation above is true for both types of flow and ξ2 = (±vziF)2 = W, the result (9) is true for both types of the flow field.In this subsection we have discussed some invariants of potential flow so­lutions with respect to a change of sign in the boundary condition at infinity. The invariance of the steady-state shape in the potential flow limit implies an interesting result in the steady-state bubble deformation for a viscous fluid as the Reynolds number increases from zero to infinity, and this will be discussed in the following subsection.
B. Estimation of the marginal Reynolds number
A bubble in a biaxial straining flow, as shown in the previous subsection, has a steady-state shape in the potential flow approximation that is elongated in the axial direction. On the contrary, however, a bubble in the creeping flow limit will be deformed into an oblate shape.† Now, if we assume that the potential† Since the pressure distribution is linear with respect to the velocity (Vp = V2u) and so is the viscous stress by definition, the normal stress is completely linear with respect to the velocity field. Furthermore, we know that a bubble in
- 59 -flow solution is the limiting solution for the real flow in the limit R → ∞, at least for a slightly deformed bubble (in general, the assumption is acceptable for a bubble that is smooth everywhere in the limit R → ∞), then there must be an intermediate Reynolds number that gives exactly the same axial and equato­rial elongation (he., ∕(0) = ∕(∙f)). We call this the marginal Reynolds number. Estimation of the marginal Reynolds number is very interesting because the bal­ance of the linear and nonlinear contributions at the marginal Reynolds number will result in an increasing deformation without elongation as the Weber number increases.Let us begin by writing the normal stress condition in a form that is accurate to O(R~1),
-2pw + V≠p∙ v≠p + ⅜⅜⅛ = ^V 'D at r = 1 + ≠(0)> (14)
where pυ denotes the dimensionless viscous pressure correction defined as pυ = 
pv∕{pU%} and φp denotes the steady-state velocity potential. If we restrict our­selves to the case of small deformation at W « 1, the leading order shape change can be calculated by solving (14) with the L.H.S. evaluated with the solution for a spherical bubble.Now, let us first consider the viscous pressure correction. Kang and Leal11 derived a general formula for the viscous· pressure correction under the assump­tion that the velocity perturbation around a spherical bubble due to viscosity approaches zero everywhere as R → oo; i.e.,
II uw j∣<<∣∣ up H for R » 1,
where up and uυ denote the potential flow velocity and the velocity perturbation due to viscosity, respectively. Since the vorticity is solenoidal (V ∙ ω = 0), theycreeping flow is deformed into an prolate shape in the uniaxial extensional flow for arbitrary E > 0. It follows that a bubble in a biaxial extensional flow must be deformed into an oblate shape in the creeping flow limit.
- 60 -expressed the vorticity in terms of toroidal (T) fields for an arbitrary axisym- metric problem,





∕ Σ ((r ‰(r)~r n l9n,ιW)τn+ι^dr (16)
Pn(cosθ),
where
∞ oo ∞ f>β ηΣ( Σ fn,kTn+k)Pn=,∑f^(uprPn- [ Pn~^dθ)Tny
n=0 fc=—oo n=0 0
∩ 7—■ n=∩
dPn∖ 
dθ )Up0Now, we want to estimate the first-order deformation with respect to W (for W « 1) using the following steady-state potential flow solutions around a spherical bubble for uniaxial and biaxial straining flows,
≠j, = ±P2(cosi)(i∣∙2 + ir 3). (17)
As we can see in (16), accurate evaluation of pressure correction on the surface of a spherical bubble requires the vorticity distribution in the region outside the bubble, which requires us to solve the vorticity equation. Here, however, we wish to estimate the marginal Reynolds number without solving the vorticity equation. For this purpose, we may assume, as a first approximation, that the
-61 -vorticity is confined to the boundary and is zero everywhere in the region outside the bubble. Then (16) reduces to
Pυ(l) - Σnf^)rn(1)pn(cθs∂). π=0 × ' (18)Incorporating the condition of vanishing shear stress at the bubble surface into the definition of the vorticity and equating with (15) for r = 1, we have
ω(l50) = - Γn(r) dPn 
r dθn=0
r≈l
<>(upθ 1 ∂upr 
2'' r r ∂θ )∣r=l + θ(l),
where upr and upg are evaluated from the velocity potential φp in (17). By comparing the coefficient of dPn∕dθ, we findT2 = ψ∣s if n = 2, . (19)
Tn = 0, if n ≠ 2.Finally, by substituting (17), (18), and (19) into (14), we getV ∙ n = 2 + ~ -yP4(cos0) + (~ ± ^)Λ(cθsθ} ■ (20)
To obtain the first-order deformation in W, let us assume that the bubble surface is described in the form
r = l + ∕= l + -g{9} = 1 + — ∑βnPn (cos 0).
n=2Then, the curvature is given by
WV ∙ n = 2 + — J2(n - l)(n + 2)βnPn(cosθ) + O(W2) 
n=2By comparing (20) and (22), we get
(21)
(22)
- 62 -Therefore, the deformation along the symmetry axis (0 = 0) is_5_ 4072 i 3Ä’
and the deformation along the equatorial plane (θ = ττ∕2) isπ 5 20
9'2 ~ 48ψ3R'
If we define ∆p = g{0) — ff(y), then*-≡ »(»)-,(j)⅛f, (23)
where “+” and of ± indicate the uniaxial and the biaxial straining flows, respectively. The Δ<7⅛ for both types of flow are plotted as functions of R in Fig. 2. From Fig. 2, we can see that a bubble in a uniaxial straining flow becomes less elongated as the Reynolds number increases, which is qualitatively consistent with the numerical solution of Ryskin and Leal.4 However, in a biaxial straining flow the elongation direction changes at the marginal Reynolds number, Rm. The marginal Reynolds number is estimated as Rm = 115.2 by solving ∆g = 0 for the Reynolds number.
C. Vorticity stretching and the vorticity distribution in the wakeThe vorticity transport equation for an axisymmetric inviscid flow withoutswirl has the following simple form (Batchelor15 1967),
D(ω∕σ)
~~Dt~ = 0. (24)In fact, Eq. (24) is equivalent to Kelvin’s circulation theorem. Eq. (24) suggests that vorticity can grow indefinitely in an inviscid, biaxial straining flow, because the fluid particle travels in the direction of increasing σ → <x as £ -→ oo. Now, the following question can be cast. Can the vorticity grow indefinitely in a biaxial straining flow if the Reynolds number is arbitrarily large but finite? This question can be answered by the following analysis for the wake region.







_ 2 r∂2ω 1 ∂ , θω× 
R L ∂x2 σ ∂σ ∖σ ∂σ ' (25)For R » 1, the vorticity is assumed to be confined to a thin layer with the thickness of O(d) near the equatorial plane (i.e., wake). Then, in the wake region, x = O(<5), σ = 0(1), ux = 0(δ), and uσ = 0(1). Now, let us introduce the rescaled variables such that
us — uae∕tf,
x = x∣δ,Then Eq. (25) becomes
„ ∂ω ∂ω ωu9 2ux- + u9- - ------  = —




Therefore, the most appropriate choice for δ is2
δ =
The introduction of a new variable of Ω ≡ ω∕σ further reduces the equation to the following simple form
~ ∂n 3Ω _ ι a2n 
Ux ∂x ∂σ 2 ∂x2 ’ (26)Eq. (26) is a parabolic partial differential equation, so we need an initial con­dition for the variable σ and two boundary conditions for the variable x. The initial condition can be given by the vorticity distribution (Ω = Ω0(x)) at a cer­tain point σ = σ0,that is outside the bubble. The boundary conditions in x are quite obvious. At the equatorial plane outside the bubble (x — 0, σ > σ0}, the vorticity is cancelled to be zero because of the symmetry condition (Ω = 0). The other condition is that the vorticity vanishes at the outer edge of wake region; i.e., Ω → 0 as x → ∞.
64 -To make the problem simpler, let us assume that σ0 = 0(1) but is suffi­ciently large so that the velocity field in the wake region can be approximated by the undisturbed biaxial straining flow. Here we must note that we have as­sumed implicitly that the vorticity in the wake region is small enough so that the velocity perturbation due to vorticity is negligible in the wake region. This assumption is valid if the vorticity in the wake is 0(1) at any σ. The validity of the assumption will be examined a posteriori. The undisturbed velocity field is given by 1ux = --x, uσ = -σ.Now, the governing equation and boundary conditions for the vorticity distri­bution in the wake are
σ ∂Ω _2 ∂σwith Ω = Ω0(x)Ω = 0 atΩ → 0 as
„3Ω ιa Ω 
X ∂x + 2 ∂x2 ’ (27)
at σ — σ0»Ê = 0, (σ ≥ σ0), 
x → ∞ (σ > <‰1.The solution of (27) can be easily obtained by separation of variables, and is given as ooΩ = £ Cke~sp H2k-Ax}σ~4k, (28)fc=lwhere H2⅛-1(x) is the {2k — l)st Heπnite polynomial and the coefficient O⅛ is given by
c* = 2⅝⅛-1)-∕0Since Ω = ω∕σ, the final expression for ω is
ω = J2θ⅛e 3⅛⅛-1(φ1 4fe. (29)fc=ιThe primary and important conclusion we can draw from the result (29) is that although vorticity can grow locally for finite σ because of the vortex
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stretching mechanism, it eventually vanishes because of diffusion as σ → ∞. Physically, the equatorial plane plays the role of a vorticity sink, because ω = 0 there because of the exact cancellation of vorticity of opposite signs. Therefore, the effectiveness of diffusion for removal of vorticity requires that a large gradient of vorticity be maintained near the equatorial plane. In the biaxial straining flow, such a large gradient is achieved by convection of vorticity with the x-directional velocity component, ux = —x. This convection effect is sufficient to maintain a large gradient of vorticity close to the vorticity sink (note that the vorticity has a maximum at a certain finite position x for all σ0 < σ < oo). As a conclusion of this subsection, it should be noted that Eq. (29) gives a theoretical basis for use of the far-field boundary condition for vorticity, ω → 0 as √x2 + σ2 → ∞, for the numerical analysis in the following sections.
IV. PROBLEM FORMULATION FOR NUMERICAL ANALYSIS
In the previous section, we have discussed some preliminary analytical re­sults that are essential in understanding the deformation of a bubble in a biaxial straining flow. Although the analytical results give us some key ideas about the bubble deformation, the analyses have been limited to the limit of small defor­mation (i.e., W « 1) except for the invariance of steady bubble shapes with respect to a change of flow direction in the potential flow limit. Therefore, we need a more comprehensive numerical study of bubble deformation for a better understanding of the problem. In the following sections, we will discuss steady and unsteady bubble deformation in a biaxial straining flow via numerical anal­yses for 0 ≤ R ≤ 200, as well as for the potential flow limit.In the numerical analysis that follows, we have used the numerical scheme for unsteady, free-boundary problems, which was developed in I except for mod­ifications in the difference scheme for the vorticity transport equation, which will be discussed later. Therefore, in this section, we present only the minimum description necessary for the present work.
- 66 -All of the computations are performed on a time-dependent (or time inde­pendent in the case of steady-state analysis) boundary-fitted orthogonal coor­dinate system (ζ,η) as described in I. Thus, the boundary coordinate at any instant, i, is connected with the common cylindrical coordinate (x,σ) (with the axis of symmetry being the r-axis) via a pair of mapping functions x(ζ, η,t} and σ(ξ, J7,i), which satisfy the covariant Laplace equations
∂ ,.∂x. ∂ , 1 ∂x
∂ζ^^∂ζ^+ ∂η^f ∂η^ ~ ’ 
∂ . .∂σ. ∂ 1 ∂σ
(30α)
(30δ)
Here the function f(ζ,η) is the so-called distortion function representing the ratio h∙η∣hξ of scale factors {h∙η ≡ (<7∏n)1∕2*-⅛< = (ffξξ)1^2) f∞ the boundary- fitted coordinate system.The fluid mechanics part of the problem is to obtain solutions of the Navier- Stokes equations using a finite-difference approximation in the boundary-fitted (ξ,r7)-c00rdinate domain. With axisymmetry assumed, the Navier-Stokes equa­tions are most conveniently expressed in terms of the stream function ψ and vorticity ω in the form
Rr.∂ω. 1 r3≠ ∂ fω. ∂∙ψ ∂ ,uλ1-1 2 .2⅛ζ,σ+ hηhS^∂ζ∂η^σ^
L2ψ + ω = 0,
(31)
(32)where (∂ω∕∂i)xtσ is calculated according to the transformation
,∂w _ t^w∖ 1 .∂w∂σ ∂w∂σ..∂x.<⅝ ®,<r ( ∂t ξ,n + hηhζ ∂ζ ∂η ∂η ∂ζ ∂t ξ,η
1 .∂w ∂x ∂w∂x ∂σ.
hr,hζ^∂ζ∂η ∂η∂ξ^∂t ξ,η,
and
l2 = 1 (aιfa } + Af±A,ι
~ hηhixaCσ∂i, ∂η'∙fσ∂ηl>'
- 67 -The stream function ≠ in (31) and (32) is defined so as to satisfy
_ 1 ∂ψ
σhη ∂η ’_ 1 ∂∙φ 
Ut> σhξ ∂ξ 'We assume, for convenience, that the coordinate mapping is defined with 
ξ = 1 corresponding to the interface (Fig. 3), and with η = 0 and η = 1 being the symmetry axes. The boundary conditions at the symmetry axes are
≠ = 0, ω = 0 at η = 0, 1. (33)
At the gas-liquid interface (ξ = 1) we require
Z°n Γr, 1 r)FΨ = Jq (~uζ}σhηdη = h (—(34)
corresponding to the kinematic condition. In (34), F is a function that describes the bubble shape as F(x,,t} = 0 and Uξ is the inward normal velocity. In addition, the vorticity at the bubble surface is given by2 ∂ue . .+ (35)
corresponding to the condition of zero tangential stress (where K(η) is the normal curvature of the interface in the η-directîon and uη is the tangential velocity). Finally, the normal stress contributions due to pressure and viscous forces, on the one hand, and the capillary force, on the other, are required to balance4
τZZ~ v7⅛)+λ(≠)) =o∙ (3θ)In (36) K(φ} is the normal curvature in the ^-direction, W is the (dimensionless) Weber number, and Tζζ is the total normal stress, which includes both static and dynamic pressure and viscous contributions.The far-field boundary condition for the biaxial straining flow is given as 
≠ ~ — ^xσ2, ω → 0 as ξ→0 (√χ2 + σ2→θo). (37)
A
- 68 -Since the stream function tends to —oo as ξ → 0, a new unknown stream function ≠* is introduced, which is bounded (see I and Ryskin and Leal16)
≠* ≡ ≠ + ∣xσ2(l - ξ5),
where —-jxσ2(l — ξ5) is subtracted instead of — ∙jxσ2 in order to have a simple boundary condition at the bubble surface (ξ = 1) and to have ≠* ≡ 0 for the limiting case of potential flow around a sphere.
V. NUMERICAL SCHEME
The problem, from a numerical point of view, is to solve simultaneously the governing differential equations (30)-(32) subject to boundary conditions (33)-(37) as indicated above. In the present analysis, the transient algorithm described in I has been used with only a modification in the difference scheme for the vorticity equation as described below (note that the transient algorithm given in I with the time step ∆f = oo degenerates to the steady-state algorithm of Ryskin and Leal16).In I and in the paper by Ryskin and Leal, a non-conservative difference scheme was used for the vorticity equation. However, we have found that this non-conservative difference scheme results in an unconditionally unstable nu­merical scheme for high Reynolds numbers in the present biaxial straining flow problem. Therefore, in the present work, we have utilized a conservative differ­ence scheme for the vorticity transport equation. This modified scheme is stable for both uniaxial and biaxial straining flows. Since conservation does not nec­essarily imply accuracy (although the experiences of many researchers indicate that a conservative method does usually give more accurate results, there are a number of counter examples: see Roache,17 p.32), both methods have been used with equal preference in numerical analysis. However, in the present bi­axial flow problem, the numerical algorithm with a non-conservative scheme is unconditionally unstable for R » 1 because of the vorticity stretching term in
- 69 -the vorticity transport equation. An analysis of this instability is presented in the following subsection.
A. Non-conservative difference scheme for the vorticity equation
Although we are concerned with unsteady as well as steady numerical so­lutions, we restrict our discussion in this and the following subsections to the steady-state algorithm for convenience. Since a successful algorithm should work for all situations, a discussion of the steady-state algorithm is enough to show instabilities (a discussion of the stabilitity for the unsteady algorithm will be essentially the same, with only minor modifications).Let us start with the steady-state vorticity transport equation
u ∙ Vcu — ω ∙ Vu = ~V2ω. (38)
For axisymmetric problems, we have ω = (0,0, tu), and u = (↑iζ,uη,Q) in the (ξ,τ7,≠) coordinate system. Thus, the equation for cu can be expressed in the following form
where 93
0 = ∕2 ∂2ω∂ξ2 ∂2ω ∂ω ∂ω + + ,13ξ + ,2∂η + + q*' (39)
R Uξ∂<r R uη ∂σ tf∂σ^i ll∂σxi 2 n σ ∂ζ 2 η σ ∂η σ ∂ξ σ ∂η («)The other coefficients in (39) are not given explicitly because only q& is required in the following discussion.Now, let us consider the simplest problem of a biaxial straining flow around a spherical bubble. For a spherical bubble, if we take the distortion factor 
f = πξ∕2, then the coordinate transformation of Eq. (30) is given by
x=ζ 1cos(^), 




hζ = r2∙Furthermore, let us assume that the velocity field is given by the potential flow solution around a spherical bubble,“e = ⅛(ι - i5)
2h
∂σ





- τ⅛ [-2l<1 - e'lτζ -σ<1 - i'>lj + 5σιξ4 (426)where and of “ψ” refer to the uniaxial and biaxial straining flows,respectively. By substituting (41) and (42) into (40), we get
iRf∖ [π ,1 — ξ5x 5π λ3 .π .ι ∕Xx2Γ 1 *3 = =F(-)[j(-p-) + τ*i3cos(-,)] - ⅛) [-5-]
t3 ■sin (f^) for R » 1. (43)e 7 , ^' ^" v2Now, let us consider the numerical solution of (39) on an N × N grid system for the domain 0 ≤ ξ, η ≤ 1, with the boundary conditionsu> = 0 at η = 0, η = 1, and ξ = 0, 
ω = ω0(η) at ξ = 1.Spatial discretization of (39) with the second-order central difference scheme gives us a system of linear algebraic equations of the form
Aw — b, (44)where w = (u,lls∙ ∙ ->^XJV>∙ ■ ∙,UN1>' ■ ∙,Wθ)ι
and A is a N2 × N2 matrix. The solution method used in I for (44) is the ADI method, which is based on the transformation of (44) into a fictitious initial value problem dw
dτ
= Aw — b. (45)
- 71 -Then, the stability of the numerical scheme is completely determined by the eigenvalues of matrix A. The necessary condition for stability is that the trace of A should be negative; i.e.,
n3 n2∑2λfc = ∑2αfcfe < 
fc=l
(46)⅛=xotherwise, at least one eigenvalue must be positive, implying instability. The diagonal elements of A can be expressed as
akk — h22
h2
(fij + 1) + <l3,i}(φ⅛ +1) τ*φ2[(i⅞⅝ + 5⅛c∞2(5¾') (47)
where h = -g, k ~ (t — 1) × N + j, and the indices i and j stand for the grid point (ζij,r∣ij} = (ih,jh). The necessary condition for stability is satisfied for all R in the case of uniaxial straining flow, because α⅛⅛ < 0 for all k as we can see in (47) of ψ is for the uniaxial straining flow). However, the necessary condition for stability is violated as R → ∞ in the case of biaxial straining flow, because
n3 n3∑∙w≈∑
fc=l fc=≈l h2
(φ2f¾ +l) +Λ(j)2{(l73)} +5⅛c<⅛,)], 
(48)>-2(sΦ + 1⅛ + fiΦ*8 + Rh ⅛3>
2h4Therefore, if R > the numerical scheme must be unstable. In fact, when a 40 × 40 grid system was used in our numerical computation, the ADI scheme with the non-conservative difference scheme failed to converge for R > 5 in the case of biaxial straining flow, while convergent solutions were obtained for all R up to the maximum value considered (100) in the uniaxial straining flow problem.
- 72 -Now, the question is how we can get around this difficulty while maintaining second-order accuracy in the spatial discretization. The answer is given in the following subsection.
B. Modified difference scheme for the vorticity transport equation
Let us begin with the vorticity transport equation for an axisyππnetric problem in the (ξ, η, ≠)-coordinate system
2 u _ ,ωui3σ ωu.3σ,ι ,2. . (49)In (49), it may be noted that u∙ Vu∕ = V ∙ (ωu) because of the continuity equation (V ∙u = 0). The main idea of the modification is to adopt the conservative form V ∙ (ωu) instead of u ∙ Vω. Therefore,
u - Vω =s V - (ωu)
Lae $(hησωuξ) + -(hξσωu^)] (50)Substituting (50) into (49), we get
R 1 Q(ht,ωuξ) + ^(hξu>ttn)] = L2(ωσ),2 hξh,rι L∂ξ and we can express (51) in the form
.∙i∂2ω ∂2ω „ ∂ω „ ∂ω
0 = f
(51)
∂ ∂ 1 —(hπωtiξ) + -(⅛ξωun)j, (52)
where 03 -[⅛÷ <;£)]■1 ∂σ, ⅜'
Rf
95 — ~y∕∙In discretizing (52), we apply the conservative difference form to the last two terms. For example,
a,, . (*nW"ξ)i+lj - (‰""ι)i-ι,i , z,,t,,
-- ------------------yt + °(h )∙ (53)
- 73 -If we write the discretized equation in the form
dw— = Aw-b, (54)
the diagonal element of A is given as
5fc⅛ =-~(∕⅞ + l) + g3,b∙ <0 for all k,
where h = -fc, k = (» — 1) × N+j. Therefore, the necessary condition for stability is automatically satisfied for all types of axisymmetric flow and for all Reynolds numbers, while second-order accuracy is preserved as we can see in (53).Now, we are going to show that the difference scheme in (53) has the con­servative property, to show that we consider the termv ' = A⅛i [⅜h'uu<> + ∙
Then what we need to show is that the discretized equation also satisfiesjfv.(⅛)<iF = ∕s∈u).ndS,
where F is an arbitrary, axisymmetric closed volume in the flow region and S is the closed surface of V, Consider any domain such as the shaded region in Fig. 3 for which the grid system is given asn(j) ~ I ≤ » ≤ N(f) + ∣, where n ≤ n(j) ≤ N(j) ≤ 2V,
£ £
m(i} ” Z ≤ J ≤ + “) where m ≤ m(i) ≤ M(t) ≤ M.
£ £Then, ∕vv.∈u)dy
= fιι[jξ(h'∣ωut) + -^(hζωu*t)]dtdr∣




TV Λf(t) (L ∖ ,, X+ Σ Σ p⅛ξω¾τ,) . j+ι - (⅛ξωuπ) ∙ j∙,1
i=n j=m(i) L 2/iM √⅛^tte)jy(j∙)+ιιj∙ +
2Σ[∙j=m
_ + (h*∣ωuξ)n(j),j
+ Σ(⅛ξω¾n)- m(.),1 + (hζωuη)im^ ■h
M
~ Σ ^hr∣ωu^N(j)+i,j ~ (fln^uζ)n 0)-⅛J
3=m
N
+ Σ “ (hζωurt)i,m(i-)~i
i≈n
■ h
= f (—u) ∙ ndS,
Js σTherefore, the difference scheme of (53) satisfies the conservative property. As an example, let us consider the vorticity distribution in an axisymmetric, steady inviscid flow. Since V ∙ (^u) = 0, we have
J (‰) ∙ ndS = 0. (56)
Also, we know that
u ∙ ndS = 0 (57)is true if we use the stream function and vorticity formulation in the numerical analysis. The only way to satisfy both conditions simultaneously is if ω∕σ = 
constant along a stream line, which is, in fact, a steady-state version of Kelvin’s circulation theorem. Therefore, the conservative difference scheme in the present study is guaranteed to satisfy Kelvin’s circulation theorem.In the following sections the numerical results obtained via the modified scheme will be presented.
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VI. RESULTS OF STEADY STATE ANALYSIS
We have done computations for R = 0, 1, 10, 50, 100, 200, and for potential flow, gradually increasing W in each case until a highly deformed shape was obtained (i.e., until a very large aspect ratio l/b was obtained, where I is the length of the longer axis and b is the length of the shorter axis). In contrast to the case of uniaxial straining flow, which exhibited a critical Weber number beyond which no steady-state solution was possible, the biaxial flow problem does not appear to have any limit point with finite deformation (i.e., l/b = O(l)) even at large but finite Reynolds numbers. The computed bubble shapes for various Reynolds numbers and Weber numbers are shown in Fig. 4, and the stream lines and vorticity contours for various Reynolds numbers and Weber numbers are also shown in Fig. 5. A detailed discussion of the results will be given in the remainder of this section.At very low Reynolds numbers, represented in Fig. 4 by R = 0 and R = 1, there is a general trend for a bubble to be flattened monotonically to an oblate shape with an increase in the capillary number, Ca = μEa∕^t = W∕R (if Ä ≠ 0). As a consequence of this deformation of shape, the curvature of the interface becomes very large at the edge of the bubble, but positive curvature is maintained at the stagnation points on the symmetry axis for all values of 
Ca that we have considered. Since no theoretical work is available for this extremely deformed (flattened) bubble, no explicit comparison can be given. For the problem of a bubble in a biaxial straining flow, we are aware of only one previous analysis by Frankel and Acrivos.12 They computed bubble shapes in the creeping flow limit (R = 0) up to an intermediate capillary number (Ca = 0.2) via a semi-analytical approach. The results of Frankel and Acrivos for R = 0 are compared with those of the present work in Fig. 6. Also given are the numerical results for a uniaxial creeping flow by Youngren and Acrivos2 and Ryskin and Leal.4 In Fig. 6, the measure of deformation is defined as D = (I — b)∕(I + b), where I is the radius of the longer axis and b is the radius of the shorter axis.
-76-As the Reynolds number increases, the edge of the bubble at the equato­rial plane first becomes more rounded and then flattened at higher Reynolds numbers, and the surface near the stagnation point on the symmetry axis also becomes increasingly flattened until eventually it shows a negative curvature, for large W and R ≥ 50. Negative curvatures may also occur at very high W values for lower Reynolds numbers, but this is not evident in the present solu­tions. The negative curvatures at the axial stagnation points are not surprising because it is only through negative curvature that a balance can be maintained with the high stagnation pressure. However, in the case of uniaxial straining flow, no stable steady shape with negative curvature has been observed (see Ryskin and Leal and I), in spite of the fact (or perhaps “because” of it) that the negative curvature that occurs in that case at the stagnation point on the equatorialplane, involves only one component of the curvature K(ηy, be.,1 ∂2σ
=-λj < ° at , = l'but ∕C(^) = ~ > 0 at η = 1.The present results at the highest Reynolds numbers exhibit especially in­teresting behavior. For small Weber numbers, there is a marginal Reynolds number as predicted in Sec. ΠI at which the elongational direction is changed. The estimated marginal Reynolds number in Sec. Ill was Rm — 115, and it can be seen from Fig. 4 that the numerical solution does change form between 
R = 100 and R — 200. The bubble at R = 100 (for either W = 2 or 4) is elon­gated in the direction of the equatorial plane, but the bubble at R = 200 (W = 2 or 4) is elongated in the axial direction. Although the latter result seems quite surprising, it is possible because the stress (mainly pressure at a high Reynolds number) distribution is dominated by the pressure at a high Reynolds number and the latter is governed by Bernoulli’s theorem. This trend toward shapes that are elongated in the axial direction for those slightly deformed bubbles is
-77-smoothly continued to the potential flow limit. However, for finite Reynolds number above the marginal value (e.g. R = 200), the elongation in the direction of the symmetry axis is not maintained as the Weber number increases. Instead, the bubble again becomes elongated in the equatorial direction for higher Weber numbers. By comparison with the potential flow result, it is obvious the behav­ior with an increase in W is fundamentally different for R = ∞ and R large, but finite (R = 200)! Although this, in itself, might seem quite unexceptional since 
R = 200 is hardly R = ∞, the fact is that the corresponding solution at R = 200 for a bubble in a uniaxial straining flow (solution for R = 100 is obtained in Ryskin and Leal4) agrees very closely with the potential flow solution over the whole range of W where steady-state solutions existed.
The implication of the preceding paragraph is that the potential flow solu­tion for the biaxial flow problem appears to correspond to the limit for R → ∞ only when W is small (and bubble deformation is small), and this represents a fundamental difference from the uniaxial flow problem. Another striking dif­ference is that stable, steady-state shapes are obtained for very high Weber numbers (W > 10), while the maximum Weber number for existence of a stable steady shape in the uniaxial flow at R = 200 was only about 2.4. It may also be noted that steady solutions exist in the potential flow problem up to a maximum Weber number of 2.7. Although we could not obtain solutions with adequate resolution for R > 200 with the 40 × 40 grid system that has been employed in the present work, the trend of solutions for the higher Reynolds numbers seems to suggest that we might expect steady solutions to exist for very large W, with an edge of infinite curvature formed as R → ∞. Since increasing vorticity would be generated with increase of R as the curvature increases, it is likely that flow separation may occur in the limit R → oo. Once there is flow separation (or any alternative flow figuration with large vorticity generation), the potential flow will not provide a valid approximation to the real flow for the limit R → oo. As we can see in Fig. 5, no flow separation has been observed up to R = 200, but
- 78 -the vorticity in the downstream zone increases drastically as R → oo.So far we have discussed the limiting behavior of the solution for the biaxial straining flow problem in the limit R → ∞. We have found that the potential solution is not the uniformly valid limiting solution (for all Weber numbers) for the real flow problem in that limit. In general, if the effect of vorticity due to viscosity vanishes as R → ∞, then the potential flow solution corresponds to the real flow in the limit. In the biaxial flow case, the effect of vorticity may not vanish as R → ∞ because the generation of vorticity increases via the increase of the curvature at the edges as the Reynolds number increases. In contrast to the biaxial flow case, the potential flow solution is the limiting solution as 
R → oo in the uniaxial flow case. In the uniaxial flow case, the limit point of the existence of the steady-state solution changes smoothly to the limit point of the potential flow solution, and the shapes at subcritical Weber numbers also change smoothly to those of the potential flow solution (see Ryskin and Leal and I).Now, the question is what kind of fundamental difference exists between the uniaxial and biaxial flow cases for R ≠ ∞, which may explain the differ­ences in the limiting behavior in two cases. The basis of the answer to this question, in our view, must lie in the interaction between the bubble shape, the production of vorticity due to the curvature of the bubble surface, and the enhancement of vorticity in the near “wake” region downstream of the bubble by vortex stretching. Indeed, for finite R where vorticity can be produced, the fundamental difference between uniaxial and biaxial flow is that the principal axis of elongation in the near-wake “downstream” of the bubble is orthogonal to the vorticity axis for the uniaxial case (so that vorticity only convects and dif­fuses but is not enhanced through vortex stretching), while for the biaxial case the elongation direction and the vorticity are parallel so that the vorticity can be increased in magnitude by vortex-line stretching. Thus, all else being equal, the vorticity levels downstream (near the equatorial plane) for the biaxial case
-79-should be larger than downstream (along the axis of symmetry) in the uniaxial case. As a result, a larger pressure decrease is also expected in the downstream zone because the level of vorticity is a measure of deviation of real flow from the potential flow, and this is the reason why the bubble becomes elongated in the equatorial direction with an increase of W. The pressure distributions along the bubble surface are shown in Fig. 7, where η is the ^-coordinate value in the numerical analysis (see Fig. 3). As we can see in Fig. 7, the pressure near the equatorial stagnation point decreases as the Weber number increases.The other factor, which contributes to the difference in behavior between the uniaxial and biaxial case, is that the pressure induced indentation along the symmetry axis, combined with stretching in the equatorial plane, produces shapes with increasing curvature in the transition between these two regions, and this, in turn, leads to increasing vorticity production with increase of W 
(pτ for fixed W > 4, with increase of R}. To discuss this deformation behavior and the difference between this and the uniaxial flow case, it is convenient to decompose the normal stress into two parts as following:
-N = (-ΛΓ)p + (-JV)v,where (—N)p is corresponding to the potential flow solution and (—N)υ is the difference between the total value and the potential flow part. Here we must note that (—N)p ≈ pp, where pp is the pressure distribution due to the potential flow solution. The deformation behavior of a bubble in the two types of flow is schematically illustrated in Fig. 8. The effect of pp is the same for both cases and induces an elongation in the direction of the symmetry axis because the pressure due to potential flow is invariant to the change of the flow direction (see the discussion in Sec. IH.A). However, the viscous effect is obviously dependent on the flow direction of the flow, i.e., elongation in the equatorial direction in the biaxial straining flow and elongation in the direction of symmetry axis in the uniaxial straining flow. Therefore, the elongation direction due to viscous and pressure effects coincides in the case of uniaxial straining flow while the
- 80 -elongation directions are perpendicular in the case of the biaxial straining flow. In the case of uniaxial straining flow, the viscous effect smooths out the high curvature regions by pulling out the axial stagnation point. Therefore, the 
maximum curvature of κ(η) at the points between the stagnation point occurs for the potential flow solution (see Fig. 1 of Ryskin and Leal). Consequently, there is a smooth change of curvature as R → ∞, and this implies that the potential flow solution corresponds to the limiting solution of the real flow in the limit R → ∞. In the biaxial straining flow, on the other hand, a smooth transition to the potential flow solution is possible only when the Weber number is small enough to maintain finite curvature everywhere. If the Weber number is large, as discussed earlier, the bubble seems to evolve, with an increase of W or Ä, toward shapes with increasing curvature at the edges. These regions of high curvature with the increase of R may explain why the potential flow solution is not a uniformly valid limiting solution of the real flow for all W in the biaxial straining flow case.Finally, a comment should be made about the related problem of a rising bubble in a quiescent fluid. The potential flow solution is the appropriate ap­proximation for the limit R → ∞ if the curvature remains finite everywhere. If, however, we develop an infinite curvature edge (e.g., spherical cap bubble), the potential flow solution cannot provide a valid approximation for R → ∞. Similarly, it appears that the bubble deformation in a biaxial straining flow is another example of a free surface problem for which the potential flow solution is not a uniformly valid (for all Weber numbers) approximation for the limit 
R → ∞.
VII. RESULTS OF THE UNSTEADY DEFORMATION ANALYSIS
For the unsteady state analysis, the algorithm in I has been used with the modification in the difference scheme for the vorticity transport equation, which is dicussed in Sec. IV. Since the steady numerical analysis exhibited no critical Weber number for the existence of steady-state shapes for R ≤ 200 in the range
- 81 -of the Weber numbers considered in the present study, the present unsteady analysis is limited to very few cases.
A. Unsteady deformation in potential flow
It was shown in Sec. Ill that the steady-state shapes in potential flow are exactly the same for both uniaxial and biaxial straining flows. It was also shown that the oscillation frequencies of the primary mode are the same in both types of flow up to O(W). However, since no general relationship between the bubble deformations in transient flows is available, we have done two different numerical experiments for unsteady deformation in potential flow. One is for unsteady deformation at a supercritical Weber number, and the other is for unsteady deformation at a subcritical Weber number.First, the unsteady deformation at a supercritical Weber number was com­puted to see if there exists a stable steady state for W > Wc. Starting from the steady-state solution for W = 2.7, the Weber number was increased to 2.9 at 
t = 0. In Fig. 9, the unsteady deformation is shown for 1.7 ≤ t ≤ 4.5. Surpris­ingly enough, the bubble initially elongates against the flow direction, but later elongation in that direction is stopped. In order for a bubble to be elongated against the flow direction, the bubble must do enough work on the fluid to over­come the inertia of the flow. Therefore, indefinite elongation against the flow is impossible for this biaxial straining flow. Indeed, as this elongation against the flow slows down, the region near the equatorial stagnation plane shows neg­ative curvature (∕C(n) < 0), which increases rapidly as t increases. Therefore, in spite of the fact that the steady bubble shape is identical in the potential flow limit for uniaxial and biaxial straining flows, the transient deformations for supercritical Weber numbers are fundamentally different. A bubble is extended indefinitely in a uniaxial straining flow, while in a biaxial extensional flow the deformation corresponds to an increase of negative curvature (∕C(n)) along the equatorial plane without much extension in the axial direction.
- 82 -The oscillation of a bubble in a biaxial straining flow was also computed for the case of W = 1 in the potential flow limit. Starting with the steady-state solution for W = 2.7, the Weber number was decreased to 1.0 at t = 0. In Fig. 10, the radius of a bubble in the axial direction is plotted as a function of surface-tension based time scale t, and it is compared with that of a bubble in a uniaxial straining flow. For the uniaxial flow problem, the initial condition is also the steady-state solution for W = 2.7. As we can see in Fig. 10, the phases are different, but the frequencies are almost same for both cases. This result is consistent with the fact that the formula cv∣ = ω2,0U ~ O.31W) + o(W) is true for both cases, but extends the result to finite W.
B. Unsteady deformation in high Reynolds number flow
As shown in Sec. V, a bubble in biaxial straining flow at a high Reynolds number has a shape with negative curvature at the axial stagnation points if the Weber number is sufficiently large (see Fig. 4). In this section, we are going to show that the steady-state shapes obtained in Sec. VI are stable by showing that an initially deformed bubble, with a small disturbance or even with a large disturbance, is eventually attracted to the steady-state shape obtained via the steady-state analysis.First, we studied the unsteady deformation of a bubble at R = 100 and 
W — 12 whose initial state is the R ≈ 100 and W = 10 steady-state solution. The consecutive bubble shapes are overlapped in Fig. 11. As we can see in Fig. 11, the bubble is attracted directly to the steady-state shape for R = 100 and 
W = 12. In addition, we studied the unsteady deformation of a bubble started from rest; i.e., at f = 0, the flow is turned on with the bubble shape initially being spherical for two cases (R = 50 ∕W = 12 and R = 100/W = 10). The consecutive bubble shapes are shown in Fig. 12. As we can see, the bubble shapes are smoothly attracted once again to the steady-state shapes. The poles (the intersections of the bubble surface and the symmetry axis) move inward monotonically except for a nearly negligible overshoot near the steady state.
- 83 -However, the behavior of the surface near the equator is different. Initially, the equatorial lines are moving inward because of the high stagnation pressure at the equator, but the negative curvatures eventually disappear as the deforma­tion proceeds. By comparing the R = 50/W = 12 and R = 100/W = 10 cases, we can see that the initial effect of higher stagnation pressures is more promi­nent for the higher Reynolds number. However, in both cases, the bubble shape eventually recovers positive curvature (κ(n) > 0) on the equatorial plane. Of course, one mechanism for this change is the decrease in pressure at the equa­torial plane because of the increasing vorticity levels as described before. One question, however, is the role of surface tension in the transient evolution of the bubble shape. In order to assess the effects of surface tension, we did the same computation for R = 100 and W = 1000, where the surface tension effect may be safely neglected. The consecutive deformations are shown in Fig. 13. As we can see in Fig. 13, the negative curvature grows monotonically and very high curvature edges are formed as time increases. Clearly, surface tension effects are playing a critical role in the previous observations. The flow field around the deformed bubble at t = 0.575 is also shown in Fig. 13. It is quite interesting to note that the stagnation points are inside the fluid rather than on the bubble surface.
VIII. CONCLUSION
From the analytical and numerical studies of steady and unsteady bubble deformation in a biaxial straining flow we have reached the following conclusions.(1) Numerical Analysis: We found that the ADI method with a non­conservative difference scheme for the vorticity equation is unconditionally un­stable for R » 1 in the present biaxial straining flow problem. However, the ADI method with a conservative difference scheme for the vorticity equation turned out to be stable for the whole range of Reynolds numbers considered in the present work.(2) Fluid Mechanics:
- 84 -(a) The shape of a bubble in an inviscid, biaxial straining flow is identical to that in a uniaxial straining flow, and no stable steady state has been found for the supercritical Weber numbers, W > Wc, where Wc is between 2.7 and 2.8.(b) A slightly deformed oscillating bubble in an inviscid, biaxial straining flow has the same frequency of the lowest mode as that of a bubble in an inviscid, uniaxial straining flow up to O(W). The frequency is a decreasing function of 
W, and it is given by ωj ~ ω2,oU “ 0.3lW) + o(W).(c) No critical Weber number, for non-existence of steady-state solutions in biaxial flow, is found numerically, for the ranges of Weber number and Reynolds number considered in this work.(d) From the steady-state analysis for small Weber numbers, we have found that there exists a marginal Reynolds number at which the elongational direc­tion is changed from equatorial to axial. Both the analytical and the numerical studies show that the marginal Reynolds number is between 100 and 200. Also, we have found that for a fixed Reynolds number above the marginal value there exists a Weber number at which the radii in the axial and the equatorial direc­tions are the same.(e) At high Reynolds numbers {R > 50), negative curvature shows up at the axial stagnation point as the Weber number increases, and the curvature at the edge of the cylindrical bubble increases with an increase of either R or W.(f) The potential flow solution is not a uniformly valid (for all W) limiting solution for the real flow in the limit R → ∞. In that limit, it appears that a bubble at a high Weber number may have edges with infinite curvature that will induce flow separation via infinite vorticity generation.
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FIGURE CAPTIONSFig. 1. A bubble in a biaxial straining flow.Fig. 2. Δ<7 = g(0} — g(f) in terms of Reynolds number, where the shape of the bubble is given by rg(θ) = 1 + ∙y<∕(0). biaxial straining flow,———————— : uniaxial straining flow).Fig. 3. A boundary-fitted coordinate system and an arbitrary axisymmetric closed volume V in the flow.Fig. 4. Steady-state shapes of a bubble in a biaxial straining flow for various Reynolds numbers and Weber numbers.Fig. 5. Stream lines and vorticity contours for various Reynolds numbers and Weber numbers.Fig. 6. Comparison of the present results for a bubble in a biaxial straining flow at R — 0 with the result of Frankel and Acrivos12, and the results for theproblem of uniaxial straining flow. (------- -  : present result for biaxial flow,• : Frankel and Acrivos12 for biaxial flow, — — - — : Youngren and Acrivos for uniaxial flow, g : Ryskin and Leal4 (J? = 0.1) for uniaxial flow).Fig. 7. Pressure distributions along the bubble surface when R = 200.Fig. 8. Schematic diagram to explain the fundamental difference of deformation behaviors in two types of straining flow.Fig. 9. Consecutive deformations of a bubble in an inviscid, biaxial straining flow at W — 2.9 starting from the steady state for W = 2.7 (1.7 ≤ t ≤ 4.5).Fig. 10. Oscillation of a bubble in an inviscid, straining flow at W = 1 ( .........: biaxial straining flow, uniaxial straining flow, and t is thesurface-tension based dimensionless time, t = ^∕^i).Fig. 11. Unsteady deformation of a bubble in a biaxial straining flow at R = 100 and W = 12 (starting from the steady state at R = 100 and W = 10).Fig. 12. Unsteady deformation of a bubble in a biaxial straining flow startingfrom the spherical shape, (a) R = 50 and W = 12, (b) R = 100 and
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W = 10.Fig. 13. (a) Unsteady deformation of a bubble in a biaxial straining flow at 
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AbstractThe method of domain perturbations is used to study the problem of a nearly spherical bubble in an inviscid, axisymmetric straining flow. Steady-state shapes and axisymmetric oscillatory motions are considered. The steady-state solutions suggest the existence of a limit point at a critical Weber number, be­yond which no solution exists on the steady-state solution branch, which includes the spherical equilibrium state in the absence of flow (e.g., the critical value of 1.73 is estimated from the third-order solution). In addition, the first-order steady-state shape exhibits a maximum radius at θ = which clearly indicates the barrellike shape that was found earlier via numerical finite-deformation the­ories for higher Weber numbers. The oscillatory motion of a nearly spherical bubble is considered in two different ways. First, a small perturbation to a spherical base state is studied with the ad hoe assumption that the steady- state shape is spherical for the complete Weber number range of interest. This analysis shows that the frequency of oscillation decreases as the Weber number increases, and that a spherical bubble shape is unstable if the Weber number is larger than 4.62. Second, the correct steady-state shape up to O(W) is included to obtain a rigorous asymptotic formula for the frequency change at a small We­ber number. This asymptotic analysis also shows that the frequency decreases as the Weber number increases; for example, in the case of the principal mode (n = 2), ω2 = ωo2(l-0.3lW-) , where c√o is the oscillation frequency of a bubble in a quiescent fluid.
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1. Introduction
We consider the motion of a gas bubble in a uniaxial inviscid straining flow. Specifically, we use the method of domain perturbations to study small steady deformations of shape from spherical, and small amplitude oscillatory motions of a bubble that is initially deformed slightly to a non-equilibrium shape.Steady-state numerical solutions for the finite-amplitude deformation of a bubble in a uniaxial inviscid straining flow were obtained recently by Miksis (1981) and Ryskin & Leal (1984). Ryskin and Leal used a steady-state, iterative method to solve the full Navier-Stokes equations for a series of finite values of the Reynolds number, with R = ∞ included as a limiting case. They found, for each R > 10, that steady, converged solutions could not be obtained beyond a certain maximum Weber number, which we term below the critical Weber number. Miksis considered only the inviscid limit, but was then able to employ the powerful boundary-integral method in conjunction with Newton’s method to demonstrate that the point of non-convergence was actually a limit point in the branch of steady solutions which contains the sphere in the absence of flow (i.e. W =0).In a companion to the present paper, Kang & Leal (1987) used a full time- dependent numerical code, to study again the problem of bubble deformation in a uniaxial extensional flow at several Reynolds numbers (including R = ∞), and a range of Weber numbers near the steady-state critical values obtained by Ryskin & Leal (1984). They found that a bubble is elongated continuously if the Weber number is larger than the steady-state critical value. They also found that a bubble with a sufficiently large initial deformation will elongate in a similar manner even for smaller, subcritical Weber numbers. Thus, a steady state solution is possible only if the Weber number is smaller than the critical value found by Ryskin & Leal (1984), and then only if the initial shape is not too far from the steady-state solution. Finally, in the inviscid flow limit, Kang & Leal (1987) found that an initially deformed bubble exhibited oscillatory changes
- 106 -of shape at Weber numbers below critical. They also found that the frequency of oscillation decreases as the Weber number increases, approaching zero at Ryskin and Leal’s critical Weber number for steady solutions. However, these numerical solutions of the initial value problem are not sufficient to understand the oscillatory motion of a bubble in a straining flow, because we can get only the lumped global behavior of the oscillatory motion. To understand the details of oscillatory motion such as the frequency change of each mode, the mode-mode interactions, or the evolution of a low frequency mode to a higher frequency mode, etc., we need a complementary analytical study.
The free oscillation of drops and bubbles in a quiescent fluid has been studied extensively since Rayleigh (1879, see also Lamb 1932) first analyzed the small-amplitude oscillations of an inviscid globe. These linear results have been extended to include viscous effects (Reid 1960; Miller & Scriven 1968; Prosperetti 1977; Marston 1980), and nonlinear oscillations of a liquid drop in a quiescent fluid have also been analyzed (Tsamopoulos & Brown 1983, 1984; Natarajan & Brown 1986). In addition, some work has been done recently on more complicated problems such as oscillatory motion of a rotating drop (Busse 1984; Annamalai et al. 1985). In spite of the extensive literature on oscillating bubbles and drops, however, relatively little has been done yet to determine how the phenomena are modified in the presence of a mean motion relative to the bubble or drop. We are aware of only one paper in this'direction by Subramanyam (1969), who studied the oscillations of a drop moving in another fluid at low values of Reynolds number and Weber number. In view of the importance of the oscillatory motion problem in understanding phenomena such as acoustic noise generation in bubbly liquids, where the bubble is almost always subjected to some non-trivial mean motion of the suspending fluid, this is rather surprising, and provides one primary motivation for the present study of the oscillatory motion of a bubble in an inviscid straining flow.
In addition, however, the analysis of small amplitude oscillations of shape
- 107 -can also provide an alternative to numerical computation in determining the significance of the critical Weber number for non-convergence of steady solutions that was found by Miksis (1981) and Ryskin & Leal (1984). In particular, since the linearized equations governing small amplitude oscillations are the same as those derived via a linear stability analysis, the Jacobian matrix for a small disturbance to the steady state becomes singular at the zero frequency (or zero eigenvalue) point of the lowest frequency oscillating mode. Thus, if we were to use the exact steady solution as the base state, the zero frequency point of the lowest frequency oscillating mode should be the same as the limit point of the steady solution branch, which includes the spherical shape as -the zero Weber number solution, provided only that the limit point corresponds to a physical limit, not a numerical artifact. Unfortunately, the exact steady shape is not known analytically for finite Weber numbers where the deformation becomes finite. Thus, we cannot use the exact steady solution for an analysis of oscillatory disturbance modes. The best we can do is to study the asymptotic limit for small Weber numbers where the steady shape is only slightly deformed. We may anticipate, however, that the results of such a study will be at least qualitatively reasonable for W up to 0(1), because even the steady shapes at the critical Weber number are not drastically deformed.
In this paper, we therefore consider both steady-state shapes and small amplitude oscillatory motions of a bubble in an inviscid straining flow for small 
W,, For the steady-state analysis, it is advantageous to choose the magnitude of 
the P2(∞s0) mode of deformation < R,P2> as the small parameter instead of 
W. In this way, the limit point that appears on the stable solution branch at the critical W = Wc is transformed to a regular point on the solution curve, and we can determine the Weber number as a function of < R, P2 > for both the unstable and stable branches for W ≤ Wc. The perturbation solution based on 
W is then nothing but a special form of the expansion in < R, P2 > for the limit 
W ≪ 1 on the stable branch. For the analysis of oscillatory motion, we consider
- 108 -two levels of approximation. In the first, we study small perturbations to a spherical base state. In the second, we analyze the first asymptotic correction for a small Weber number by including the O(W) contribution to the steady- state shape. From this analysis we get an asymptotic formula for the dependence of the frequency of an oscillating bubble on W in a straining flow. Finally, we briefly consider weak viscous effects on the oscillation about the spherical shape. To do this, we approximate the velocity field via the potential flow solution right up to the boundary. Thus, viscous effects are included only via the viscous stress term and the pressure correction term in the normal stress condition: this is equivalent to the classical approach of Lamb (1932), who estimated the effect of viscosity for bubble oscillation in a quiescent fluid by calculating the viscous contribution to dissipation using the inviscid flow velocity field as a first approximation for large but finite Reynolds numbers.
2. Problem Formulation
We consider an incompressible gas bubble of volume ∙∣πα3 that is under­going small oscillations of shape in the presence of an axisymmetric, uniaxial extensions! flow of a fluid with density p and zero viscosity as sketched in figure 1. The surface of the bubble is assumed to be characterized completely by a uniform surface tension -7. Furthermore, we neglect all effects of gravity includ­ing the hydrostatic pressure variation in the fluid. Then the governing equation of motion is V2φ' = 0. (2.1)
On the bubble surface the kinematic condition and the normal stress condition must be satisfied. 1 ∂F,
VF, I ∂t,
V≠' ∙ n,
G'M + + 5V≠' ∙ V≠' = 1 (V ∙ n)
(2.2)
(2.3)
- 109 -where F, is a function that describes the bubble shape as F'(x,,i') = 0, and 
G,(tl) is an unknown time-dependent constant that must be determined to sat­isfy the constraint of volume conservation. The undisturbed, uniaxial exten- sional flow fax from the bubble is given by
u' = E ∙ r', Ε = E _12
0 -4
E > 0, (2.4)
where E is the principal strain rate. In order to non-dimensionalize the equa­tions, we introduce characteristic velocity, length and time scales. Since all terms in the normal stress condition are equally important for oscillatory motion, the most appropriate choice is M?)
(2∙5)
where a is the radius of the undeformed spherical bubble. Then the governing equation in dimensionless form is
v2≠ = o, (2,β)
while the kinematic condition takes the form1 ∂F
I VΓ∣ ∂tand the normal stress condition becomes
= V≠∙n, (2∙7)




The far-field condition (2.4), expressed in terms of the potential function φ becomes fl(3cos29-l)(ir2 (2.9)Φoo — 9
- 110 -where W is the Weber number defined as W = 2p(Ea)2a∕Ι, and θ is the angle measured from the axis of symmetry.In addition to the differential equations and boundary conditions (2.6)-(2.9), the solution for a bubble shape must satisfy two overall constraints. First, the volume of the bubble must be constant, equal to (4∕3)πα3, i.e.,[ β3(0,i)sinfl dθ = 2, (2.10)
Jowhere R(Θ) is the unknown shape function, defined in terms of F(x,t), as F = 
r — R(θ,t}. Here, we have assumed that the bubble shape is axisymmetric and thus is a function of the polar angle 9 only. In addition to (2.10), the shape function must be defined in such a- way that the center-of-mass of the bubble remains at the origin. This condition can be expressed in the form[ Λ4(0,i)cos0sin0 dθ = 0. (2.11)
Jo
3. Perturbation Solution for Steady-State Shapes
We consider first the steady-state problem in the limit of a small deforma­tion where the shape is nearly spherical. In this limit, it is usual to expand the solution in the form of a perturbation expansion for small W « 1, i.e.,
Φ = ∖∕y (≠o + Wφ1 + W2<j>2 + ∙..) (3.1α)
and
R = 1 + Wf1 + W2ζ2 + ∙ ∙ ∙. (3.1f>)However, if we know, or anticipate, the existence of a limit point in the branch of stable steady solutions at some finite W = We, it will be more convenient to pick a measure of the magnitude of deformation as an alternative small parameter c, and to expand the solution in terms of e rather than W. In particular, if we try to obtain an asymptotic expansion in W, the limit point appears as a pole
- Ill -in the solution, which requires an infinite number of terms to resolve. However, if we expand directly in terms of an appropriate measure of the amplitude of deformation, e, and treat W as a dependent function of e, the point correspond­ing to W = Wc becomes a regular point on the solution curve, and there is no difficulty with the approach to We.For the present problem, a convenient measure of the degree of deformation, which can be used as the small parameter for an asymptotic solution, is the magnitude of the P2(cos0) mode of deformation; i.e.,e =< 22(0;e),P2(cos0) >
= f R{0; e)P2(c0s θ) sin θdθ, 
Jo
(3.2)
We denote the expansion in terms of f as the P2-perturbati0n and the expansion in terms of W as the W-perturbation. The P2-perturbati0n takes the form
(3-3)
in which W is treated as a function of e, as noted above. The expansion in terms of e is equivalent to interchanging the dependent and independent variables from 
< R,P2> and W, respectively, to W and < R,P% >. As shown in figure 2, the solution curve for the magnitude of the P2 mode as a function of W, which is singular at W = Wc, is effectively turned on its side. In the representation (3.3), the solution is regular for all ∈. Substituting (3.3) into the governing equations and boundary-conditions, we obtain
Vi≠n = 0, n = 0,1,2, (3∙4)This equation is to be solved subject to the kinematic condition u ∙ n = 0, together with the asymptotic form (2.9) for r → 00. The bubble shape at each order in e is then obtained from the normal stress balance (2.8).To simplify the analysis, it is convenient to use the method of domain perturbations to transform the kinematic and the normal stress conditions at
- 112-the bubble surface to equivalent conditions applied at r = 1. The method is well known and we simply quote the results for the kinematic condition, which becomes
∂R1
Φro + e ∣Φr ι —Q0~^θq 
∂R1 , ,∂Rz d ∂R1, 1,∂R1 2
^βθ( ΛΛ QQ ) ty∖ λz, ) ΦrO+ e ~γλ ~rl ∂θ *’u' ∂θ + O(e3) =0 at r = 1, and the normal stress condition, which, takes the form Wrθ(ΦrO2 + Φ*02)+ e
2v ∂θ
^l(ΦrO2 + ΦβO2) + ^o(2ΦrθΦrj ÷ 2ΦβoΦtfχ)j2 ^r2(ΦrO2 ÷ ΦβO2) ÷ Wri(2ΦrθΦrl + 2φ0θΦ0l)+ Wro(Φrl2 + 2ΦroΦr2 + Φtfl2 + 2Φ0θΦ02)j + e3 [w3(Φrθ2 + Φw2) + W3(2ΦroΦr1 + 2Φ0θΦ*l)






Φrχ = ⅛ + Λχ(⅛),
<ħ — _i_ τ>φ'2 - ^57 + Rl a,»
,a⅛1
∂r2
∂2φ1 , 1 n 2^3Φo , n ^2≠O+ + r^, 3r≈ ’
Φ0o ∂φo ∂θ ’
Φ = θ≠1 4. 7? ∕∂2≠0 _ ⅛Ι 
1 ∂θ + 1(∂r30 ∂θ ),φao = ⅛+β f^2≠l d<fo∖ I 1r, 2(9∂φ0 ■ ∂2φθ ∂3φ0 , 02 3λ ^^ ^1^<9r<90 λλ ' + i>^1 (2 aa + a^2λλ∕∂θ ∂θ ∂r∂θ ∂r2∂θ'
(3∙5)
(3∙6)
, p f∂2φι) ∂φ0y 
+ 2^∂r∂θ ∂θ ''




where η is defined by η = cos 0. Then the mean curvature that appears in thenormal stress condition (3.6) can be expanded as ∞V ∙ n = 2 + e∑(< - l)(.∙ + 2)ft!υft(∏)
i=2
” oo oo oo∑(> - 1)0' + 2)∕⅛2>ft - 2∑>iυft∑(∙'2 + ∙' - l)ftiυft
√=0 ι==2 i=2
oo ∞ oo∑(* - l)(fc + 2)∕3<3>P4 + s∑⅛ωP.∑(.∙j + .∙ - l)ft!⅛
Jfe=O 4=2 i=2
✓ oo oo ∞ OO- 2 (∑>iυft∑y2+i - wf>pi+∑¾'2,ft∑(∙2+∙∙ - D^υft'i=≈2 y=o y=o t=2
OO OO ∕ oo oo
+ 5∑>Γ,ft'∑>l1,d - √)ft'(-3∑.(.' + I)41>ft + 2∑><⅛∕
+ e2
+ é (3∙8)
' t=2 i=2 x *=2 i=2where i =■ 0 and * = 1 are not included to satisfy the volume conservation and the center of mass condition in O(e) solution.Finally, in addition to the boundary conditions listed above, the solution at each order in e must satisfy the condition of volume conservation, which is given by
J (R0 + eRχ + R% + ∙ “ ∙)3dη ≈ 2, (3.9)
and the consistency condition, from the definition of e, which takes the forme = y” (Rq ÷ cÄi + e2¾ ÷ ∙ " "}P2{,rl)dη. (3.10)
In this steady-state problem, the center of mass condition is automatically sat­isfied because of the symmetry property. Now, it is straightforward to obtain solutions up to O(e3), and the solution method will be briefly presented in the following section.
- 114-3.1. Perturbation Solution up to O(e3)
3.1.a) 0(1) ProblemThe equations and boundary conditions for 0(1) problem are
V2≠o = 0 (l<r<oo,-∙1≤n≤1), (3.11α)≠o → ∣-P2(^)r2 as r → ∞, (3.116)
—— =0 at
or
r = 1, (3.lie)
Wo(Φro2 + Φ⅛o2) + constant = 8 at r = 1, (3.lid)
Jl Ro3dη = 2, (3.lie)
f RoP2dη = 0. (3Λ1∕)-ιThe solution of (3.Ila), which satisfies (3.lib) and (3.11c), is≠o = P2(>7)(i∣∙2+i<∙-3), (3.12)
which is the well-known potential flow solution around the undisturbed sphere. In order to satisfy (3.lid), we have Wo = 0, and from (3.lie), we get Ro = 1. Then (3.11f), arising from the definition of e, is automatically satisfied at this level of approximation.
3.1.b) O(e) ProblemLet us now turn to the O(e) problem. The governing equations and bound­ary conditions in this case are
V2≠1=O (1 ≤ r < ∞, -1 ≤ η ≤ 1), (3.13α)
≠ι ~* 0(r"2) as r → 00,φ∏ - ⅛Φ<>0 = 0 (3.136)(3.13c)at r = 1,
- 115 -oo
»=2
VVι(ΦH√ + Φ√) = 4∑(i∙-l)(i + 2)⅛⅝r7) at r=l, (3.13d) 
y Rχdη = 0, (3.13e)
R∖Pιdη — 1. (3.13∕)In the normal stress condition (3.13d), we imposed the constraint of volume conservation (3.13e) and the center of mass condition, i.e., β^ = β^ = 0.Now, the shape function at O(e) can be obtained using the normal stress condition (3.13d) and the known potential function ≠0 from the 0(1) solution. In particular, by plugging the known solution ≠o into the normal stress condition (3.13d), we can solve for the coefficients βn',,s in jRi = ∑∞=q βτ^ Pn{η) >
lp) = —W1, *(1) - 5β∖i,≈672 i, '^' 252∕3^1) ~ 0 for n ≠ 2, 4. Wl,




Finally, we can determine the flow field at O(e) by solving (3.13a) with (3.13b) and (3.13c). The solution of (3.13a), which satisfies the condition (3.13b) at infinity, is given by
≠l = ∑ ⅛υr-<n+1>Pn(η). (3.1β)
n=0From the kinematic condition with known Rι and φo, we can easily determinethe coefficients in this expression,(1) = _275_2 18144 1,u0) _ 325αΓ' = -rrrWli11088 (1) _ 125 W1,a 8316αn = 0, n ≠ 2, 4, 6. (3.17)
- 116-The constant volume constraint is automatically satisfied by Rγ.
3.1.c) O(e2) ProblemThe equations governing the O(e2) problem are
V2≠2 = 0 (1 ≤ r < ∞, —1 ≤ η ≤ 1), (3.18α)
≠2 ~÷ i>{r2} as r → ∞, (3.18δ), JR ∂R↑ ∂R2 ∂Ri,
φr2 φ*1 ∂θ φβ°( ∂9 Rl ∂9^ ~ ’ at T ~ 1, (3.18c)
W2(Φtq2 + Φ0o2) + Wι(2ΦroΦ∏ + 2Φ0oΦ01)
b oo oo oo ■= 4 ∑> - 1)0 + 2)i3jwP,M - 2∑X⅛∙∑(.'3 + ∙ ■- ι)∕Ji1,Λ >18d)Lj∙=O i=2 t'=2
y∖tf12 + R2)dη = 0, (3.18e)
I I R2P2dη = 0. (3.18∕)
Again, the shape function, R2, at O(e2) can be obtained from (3.18d) using the known functions φo, φι and the shape coefficients at O(e). We find
= -0.321 × 10~3W12,^2) = 0,
βW = 2.092 × 10~3W12,
β^ = —1.260 × 10^3W12, (3.19)
ß£} = 0.467 × 10-3W12, others = 0.
Then, from (3.18f), we obtain
W2 = -0.1671W12 = -754.7, (3.20)
- 117-Finally, the solution of (3.18a), satisfying (3.18b), is φ2 — a^r (n+1^Fn(η)and the coefficients a'n' are obtained from (3.18c)
<42) = -5.ιιo X ιo-5ιy12,<42) = -1.025 × ιo~4vy12, 
a%} = 1.298 × 10~3irι25
a^2) = 2.019 × 10~3iΓ2, (3.2l)<42) = -2.9i4 × ιo~3tr12, a(x2) = 9.517 X 10"4Wrx2, others — 0.
3.1.d) O(e3) problemSince the O(e3) problem is extremely complicated, we calculate only PΓ3 from the normal stress condition and the consistency requirement from the def­inition of e. The normal stress condition isW⅝(Φrθ2 + Φ*o2) + Wr2(2Φr∙0Φri + 2Φ0oΦtfl) + ∏λi(Φ∏2 + 2Φr0Φr2 + Φ012 + 2Φtf0Φw)= 4 ∑(* -1)(* + 2)∕⅛3>P4 + 3∑rf1,pi∑(is + .∙ - l)∕}Vpi (3.22)LA==O ∞ t=2 t≈2∞ 002( ∑X⅛∙∑(∕2+∕ - ι}β^pi + ∑>),,P∕∑(>3+.' - ι)ΛiυΛ
×t'=2 j'=0 y=0 t=2 7+ j∑>iυΛ∙'∑>iυ(l ~ η2}Pi'(-3∑i(i+Γ)βVpi + 2∑βVηPi,'
ύ t=≈2 »'=2 × t=2 t--2 yand the definition of e requires β^ = 0. Substituting the known solutions of ≠o, ≠ι, ≠2, P∙∖∙> and P2 into (3.22), we get
β^} = 0.1488Wr3 - 0.937 × 10~3iy13, and the condition β2^ — 0 then yields
Wr3 = 6.2970 X 10^3Wx3 = 1910.9. (3.23)
- 118 -3.2. Estimation of the Critical Weber NumberThe most important feature of the solution obtained in this subsection is that it exhibits multiple (double) steady-state solutions for Weber numbers below the critical value, but no steady-state solution beyond the critical value. Let us start with the second-order solution because we have the full solution to this accuracy. The Weber number as a function of e is given by
W = tWl + e2W2= (eWi) - 0.1671 (eWι)2 (3.24)= 67.2e - 754.7e2.
The critical Weber number occurs where ∂W∕∂e = 0 - see figure 2B. This point can thus be estimated from (3.24), and equation (3.24) gives
We = 1.50 at ee = 0.0445. (3.25)
This estimate of the critical Weber number 1.50 is considerably below the value 2.76 obtained numerically by Miksis (1981), but the general features of the solutions are more or less the same (see figure 3 in next subsection).The third order solution for W as a function of e is
W = eWl + e2W2 + e3W3= (cHr1) - 0.1671(dFι)2 + 0.0063(dF1)3 (3.26)= 67.2e - 754.7e2 + 1910.9e3.
Equation (3.26) predicts
Wc = 1.73 at ec = 0.0568. (3.27)
The critical Weber number 1.73 is still below the numerical value 2.76, but comparison of the O(e2) and O(e3) solutions indicates that the estimate of the critical Weber number may approach 2.76 as the accuracy of the perturbation
- 119-solution is increased. In the later part of this section, the second- and the third- order perturbation solutions will be compared with the W-perturbation solution and the numerical solutions by Miksis (1981) and Ryskin & Leal (1984).It is interesting to note that the stability of the solution branch is exchanged at the point e = ec (see Iooss & Joseph (1980) for the exchange of stability at a regular turning point). To show this, we consider the following simple model equation for bubble dynamics in terms of the amplitude of the P2-m0de, e, which has the same steady state as the second-order solution (3.24)
~ = K(e; W) ∣W - (67.2e - 754.7e2)]. (3.28)
Here, K(c,W} is a nonlinear function of c, which must be nonzero to insure that (3.24) is the unique steady-state solution of (3.28). In fact, it is clear that 
K(e∙,W) must be a positive function since the driving force for the P2-m0de deformation is just K(e;W) ∙W. In (3.28), we must also note that the first order time derivative term is not included because viscous damping is not expected. Linearization of (3.28) about the steady-state solution gives
d2x + (67.2 - 15O9.4eβ)K(e,5 W)x = 0, (3.29)
at*where x = e — eβ. In (3.29) the coefficient of the second term changes sign at e = cc from positive to negative, which clearly means that the branch for 0 ≤ e < ec is stable (oscillatory motion), whereas the other branch is unstable.
3.3. The W-Perturbation aa a Limiting Form of the P%-PerturbationOne advantage of the P2-perturbati0n scheme is that the W-perturbation solution, as shown in (3.1), is nothing but a special form of the P2-perturbati0n solution for the limit W ≪ 1 on the stable branch. Thus, we can obtain the W-perturbation solution very easily from the Pg-perturbation by simply taking the appropriate limiting form. The W-perturbation solution obtained here will be used as the base state for analysis of the oscillatory motion of a bubble.




22 = l + Wf1 + W∖2 + ..∙,
≠<= Σ^η)Γ"(η+ΐ)ρ« ,'≥ 1>
n=0 ∞& = Σ di,Λ∙ ■ ≥ i.




(3.306)R — 1 + eRι + e2R2 + “ ■where
00
φi = ∑ αWr-<"+1>Pn .∙ > 1.
n≈O
00
Ri=^β^Pn ∙∙>1∙7i=0From the section 3.1, we see that = 0n^W1,, and βn^ = βn*Wl, where ⅛ζ βn> are parameter-free constants. Thus, we can write (3.30) as
Φ = Jξ(φ0 + ('Wi) £ ⅛>r-<"+1>Pn + (e(F1)2 £ + ...),
n=0 n=0 (3.31α)oo oo
R = φ0 + (eW1) ∑βWpn + (eWι)2 ∑β^Pn + ∙ ∙ ∙. (3.316)
n=0 «=°Also, from the relationship between W and (eWι) in (3.24) (i.e., for the second- order solution), we can express (eWχ) for the stable branch in terms of W
(eW1) = W + O.1671W2 + O(W3). (3.32)
- 121 -Then, the ^-perturbation solution is simply obtained by plugging (3.32) into (3.31) and collecting the same order terms in W.The shape function up to O{W2} is given by= (3-33) + (-0.32lPo + 6.217P2 - 1.223P4 - 1.2β0P6 + 0.467P8) × 10"3iΓ2 + O(W3).
Thus, we see that the first-order, O(Wz)5 shape function is
* = ⅛p'W - ⅛*W - -⅛<l ~5,2+r,4>∙ (3.34)
This solution (3.34) is exactly the same O(W) solution as obtained by Miksis for comparison with his numerical results. Even at this leading order of approx­imation, the bubble shape exhibits quite interesting results. In particular, the bubble shape is not ellipsoidal at the leading order of approximation (unlike the solution of the same problem at zero Reynolds number, where = C1P2(∏) and the shape is ellipsoidal). In the present case, the maximum radius does not occur at 9 = 0 (stagnation point), but rather at
θmax = ~. (3.35)oThis is a very clear first indication of the initially surprising barrellike steady- state shape that Miksis (1981) and Ryskin & Leal (1984) obtained numerically. This interesting shape is obtained because the only source of deformation in this inviscid flow is the dynamic pressure variation on the bubble surface, and the dynamic pressure is clearly a maximum at the stagnation points of the flow (i.e., at the ends of the bubble and at its equator). It is also amusing to note that the maximum radius occurs at 9 = (f)∕2 for the corresponding 2-D problem (Vanden-Broeck & Keller 1980), while the maximum radius occurs at 9 = (y)∕3 for the present axisymmetric problem. The second-order solution for W can be
- 122 -used to calculate the degree of deformation at the stagnation points, since it is these values that are usually given in experiments or numerical analysis.
f{θ = 0) = 0.01736VF + 0.00388VF2
f(β = = —0.02604VF - 0.00336VF2 (3.36)Finally, we compared the two perturbation solutions (P2-Perturbati0n and PF-perturbation) with the numerical solutions by Miksis (1981) and Ryskin & Leal (1984) in figure 3. Although the critical Weber number predicted by the 
P2-perturb at ion solution is substantially below the value obtained numerically, we can see that the solution behavior predicted by the F2-Perturbati0n scheme is more or less the same as the exact numerical solutions. Furthermore, the perturbation solution appears to approach the numerical results as the accuracy of approximation is increased. The VF-perturbation gives a reasonable estimate of the stable portion of the solution branch but cannot expose the limit point, which appears as a singular point, and thus would require an infinite number of terms to resolve.
4. Small Amplitude Oscillation about the Steady-State Shapes
In this section, we study small amplitude oscillations of a bubble in an in- viscid, uniaxial straining flow. We are especially interested in the frequency of oscillation which our recent numerical studies indicate as changing because of the straining flow. However, in spite of the fact that steady solutions can be ob­tained to any desired order in W, such a rigorous study would be too complicated to be tractable. Here, we approach the problem at two different levels of ap­proximation. First, we study the unsteady dynamics of small disturbances from a spherical shape. Strictly speaking, the spherical shape represents only the limit of the steady-state solution for zero Weber number. However, Ryskin and Leal’s numerical calculations indicate that the deviation from sphericity is, in fact, relatively small (fβ,ma* < 0.2) even at the critical point (2.7 < VFc < 2.8).
- 123 -Hence, we may anticipate that results for a sphere will be at least qualitatively correct even for Weber numbers of 0(1). As a partial check on this assump­tion, we obtain a second solution based upon the correct steady-state shape up to O(W). The latter analysis yields a first order asymptotic formula for the frequency change as a function of the Weber number.
4.1. Oscillatory Motion of a Bubble about the Spherical Shape
We begin with the complete equations and boundary conditions governing an axisymmetric time-dependent variation of bubble shape in an inviscid fluid. These are the equation of motion
V⅛ = 0, (4.1)
the kinematic condition
∂F
--⅛- = V<j>'VF at r = 1 + ∕(0,t), (4.2)
where the bubble surface is specified by the shape function F = r— (1+f(θ, i)) = 0, and the normal stress condition
G(i) + ⅛ + iv≠∙V≠ = (V∙n) at r = l + f(β,t). (4.3)
In this first subsection, we consider small disturbances of shape for a spher­ical bubble in a uniaxial straining flow. The motivation for this approximate analysis was given above. The inherent assumption is that the oscillations of a sphere in a flow should reflect at least the qualitative behavior of a real deformed bubble in the same flow. A partial check on this assumption is provided by com­paring the results obtained here with the asymptotic results of section 4.2, in which we include the small O(W) deformation in the steady-state bubble shape. Physically, the analysis of a spherical bubble will provide qualitatively correct results if the primary influence of the external flow is a direct consequence of hydrodynamic interaction between that flow and the fluctuating modes, rather
- 124 -than an indirect consequence of the modifications of bubble shape that are in­duced by the mean flow.Let us then express the limiting forms of (4.1) - (4.3) that apply for a small disturbance from a spherical bubble shape. To do this, we introduce a small disturbance into the expression for the velocity potential for a spherical bubble,
i.e.,
Φa + &K, (4.4)where ≠s = j(3 cos2 θ - l)(ir2 + if3) = P2(η) Qr2 + jr~3) , (4.
and η ~ cos θ. Similarly, the shape of the bubble surface is assumed to take the form
ooJ2=l + ∕ = l + c<ru = l + eJ3 δn(t}Pn{η}. (4.6)
n=2Then, to obtain equations governing ≠tt and fu, we substitute (4.4) and (4.6) into (4.1) - (4.3), and retain terms of O(e). To obtain self-consistent results at any nonzero Weber number, W, with the sphere as a base case, it is necessary to neglect steady-state terms in (4.2) and (4.3), which would otherwise superpose a deterministic evolution of the base shape toward the correct equilibrium shape at any W. On this basis, the governing equations for small, time-dependent oscillations of bubble shape for a spherical bubble are:V2≠u = 0,
with the kinematic condition= /ÏK ∣wd⅛ 9φβ
∂t ∂r + V 2ζu ∂r2 V 2 ∂9 ∂θand the normal stress condition
∂φu
∂t
γ(V≠. ∙ V≠,) + ∙ V≠.)
(4.7)
(4.8)
oo= y^(n - l)(n + 2}δnpn(η) at r = 1, 
n=2
(4.9)
- 125 -where η = cosö. In deriving equations (4.8) and (4.9)', the domain perturbation technique was used to transform'the boundary conditions at r = 1 + eςu to the equivalent boundary conditions at r = 1.Since the solution of (4.7), which satisfies the far field velocity condition, V≠u —> 0 as r → ∞, is given by
≠tt = ∑7n(*) r~<n+υPn(r∕), (4.10)
n=0and we assume ftt to be expressed in the form given in (4.6), the conditions (4.8) and (4.9) lead directly to dynamical equations for 6n(i) and ‰{t),
δn = - (n + l)7n (4.11)ι√ n(n+ l)(n + 2) ε n(n + l) χ (n-l)n(n+l)χ '∖^~ ∖(2n + 3)(2n + 5J n+2 (2n-l)(2n + 3) n (2n - 3)(2n - 1) re^2√and
n = («■ - 1)(λ + 2)δn (4.12)√(n +l)(n + 2)(n + 3)~ ι n(n +1) ~ (n-2)(n-l)n~~Λ (2n + 3)(2n + 5) 7n+2 + (2n - l)(2n + 3)7n (2n - 3)(2π - 1) 7n-2√
-ξ2 ^∕+4(n)in+4 + In+2(,n)δn+2 + ∕+o(n)6n + i-2(n)^n-2 + 7-4(n)δ,t-4^,
where ζ = ∣∖∕⅛ and the li(nVa are 8iven by 
I+4(n) = Λ(n + 4)A(n + 2),
∕+2(n) = ^4(rι ÷ 2)B(n) + A(n + 2)B(n + 2) — A(n + 2),I+0(n) = A{n}C(n - 2) + B(n)B(n) + C(n)A(n + 2) - B(n),∕.,2(n) = C(n - 2)B(n - 2) + C(n - 2)B(n) - C[n - 2),∕-4(n) = C(n - 4)C(n — 2),with √4(n) = n(n — 1)∕ (2n — 1) (2n + 1),
B(n) = (2λ2 + 2n — l)∕(2n — l)(2n + 3),
C (n) — (n + 1) (n + 2)∕ (2n + 1) (2n + 3).
- 126-In the derivation of (4.11) and (4.12), we have used the well-known recurrence formulae for Legendre polynomials
(1 - η2)PM = ~
ηΡΜ = 2⅛Ip-1 + ⅛7⅛pλ÷15 (4-13)
n2p M - y÷ ~ 1) p , (2n2 + 2n - 1) (n + l)(n + 2)η nW (2n-l)(2n+l) n^2+(2n - l)(2n + 3) n+(2n + l)(2n + 3) n+2
By eliminating ‰ from (4.11) and (4.12), we obtain an equation for the amplitude of the shape coefficients, dw(i),
⅛l+ ^(n2 - l)(n + 2) - ξ2G0(n)^ δn 
= — i^+2(w)5n+2 — J-2(n)δn-2^
— i2^Gi+4(Λ)in+4 — G+2(n}δn+2 (4.14)Gf-2(n)drt-2 ÷ G-4(n)δn-4 I,
where J+2(n) =
J-2(n) =
(n + l)(n + 2)(2n + l) (2n + 3)(2n + 5) ’n(n + 1)2n-l ’^f+4(n) = (n + 1)(^+4(λ) — J+4(tt))j 
G+2(n) = (n + 1) (H+2(n) + I+2(n}), 
G+o(n) = (n + 1) (H+o(n) + J+0(n)), C7-2(n) = (n + l) (j0-2(n) + ∕-2(n)), G,4(n) = (n + 1) (∕Γ-4(n) - ∕-4(n)),
- 127-and
rτ ( ∖ _ (n + l)(n + 2)2(n + 3)(n + 4)+4' j (2π + 3)(2n + 5)(2n + 7)(2n + 9),z λ (n + l)(n + 2)2(n + 3)_____________n2(n + l)(n + 2)+2W - (2n + 3)2(2n + 5)(2n + 7) (2n - l)(2n + 3)2(2n + 5) ’„ Η - (n + l)2(n + 2)2(n + 3) n2(n + 1)+°w (2n + l)(2n + 3)2(2n + 5) (2n - l)2(2n + 3)2(η — 2)2(n — l)n2 + (2n - l)2(2n - 3)(2n + 1) ’π ζ X (n-l)n2(n + l)_________________(n-2)2(n- 1)η"2^ } (2n-3)(2n-l)2(2n + 3) (2n - 5)(2n - 3)(2n - I)2 ’
FT („\- n(n- l)(n~2)2(n-3)~4 W (2η - 1) (2η - 3) (2η - 5) (2η - 7) '
From equation (4.14), we note that there is no Sn term (i.e., no damping, as expected in an analysis that neglects all viscous effects), but there is a form of mode-mode interaction in which even modes interact only with other even mode oscillations (or odd modes inteτact only with odd modes). In the absence of the mean flow (i.e., for ξ = 0), interactions between modes occur only at higher order in the amplitude parameter, e.Since (4.14) is a system of highly coupled equations, it is advantageous to begin by studying the asymptotic behavior for several limiting cases. First, we study the asymptotic form for the limit n → ∞, and then, the asymptotic form for very small values of the Weber number. Following this, we study the behavior of equation (4.14) for a wide range of Weber numbers by evaluating the eigenvalues numerically.
4.1.a) Asymptotic form for the limit n → ∞
Equation (4.14) reduces to a very simple asymptotic form in the limit re → ∞. If we rescale time as t = ωt<j thenu-2^+((n2-l)(n + 2))⅛
- 128 -= -ξ (j+2(n)ω⅛ - J,2(n)ω⅛) - e (θ(√)) .
Thus, if we take ω2 = (n2 — l)(n + 2), it is clear that the right hand side will be O(n∣) because J√s are O(n), and equation (4.14) is reduced tod25n-=j- + δn = 0, as n → ∞.The physical significance of this result is that the high frequency modes undergo pure oscillation with no mode-mode interactions. Therefore, if there is no high frequency oscillation initially, then there will be no induced high frequency os­cillation. It may also be noted that the oscillation frequency, in this limit, is identical to the oscillation frequency of a bubble in the absence of any bulk flow.
4.1.b) Asymptotic form for very small Weber number (O(√TF))
As shown in the analysis of section 3, the steady state bubble shape is spherical up to O(√W). Therefore, the unsteady motion represented by (4.14) is asymptotically rigorous for only very small values of Weber number. In this subsection, we analyze this limit by retaining terms up to O(ξ) from (4.14) (ξ = f∖∕^)∙ The result is
δn + ((rc2 - l)(n + 2))Sn = - ξJ+2(n)δn+2 + ξJ-2(n)0n-2 (4.15)for n ≥ 2.In fact, (4.15) is a system of infinitely many coupled equations. However, be­cause we know that there is uncoupling of the modes in the limit n → oo, it is sufficient to study a truncated system containing an arbitrary, but finite, number of coupled equations, say N equations.We can easily demonstrate, for arbitrarily large (but finite) N, that the real parts of the eigenvalues are always zero, which means that the bubble motion is purely oscillatory in this small W limit. In order to do this, it is convenient to rewrite (4.15) in the form
δn + Knδn — -Lnδn+2 + Mn5n-2, (4.16)
- 129 -where n ≤ 2N (an arbitrary, but finite number), and Kn, Ln, and Mn are positive functions of n. Then, changing variables as
xn-X = ^n>





K2N 0 ∕This coefficient matrix has the generalized antisymmetric property
where A is Z 0 
~K2
100Λf4 00K4








dij — c(t, j)flyt∙,
where c(i,j) is a constant whose value depends on t and j (it is important to note that there is no summation intended in this equation). It is easy to show that a diagonal matrix S exists, which transforms a matrix of the form A in (4.17) into a true antisymmetric matrix B; i.e.,
B = S~1AS, (4.18)
- 130 -where
bij = -bji. (4.19)
Moreover, the matrices A and B have the same eigenvalues. But a general prop­erty of antisymmetric matrices is that all its eigenvalues are purely imaginary. Thus, it follows that the system of equations (4.15), for arbitrarily large but 
finite Ni has only purely imaginary eigenvalues, and the motion of a bubble for 
W ≪ 1 will be strictly oscillatory.Although a general solution of (4.15) does not appear at first to be possible because of mode coupling, it is instructive to examine the truncated system for
2N = 4 in which we consider the interaction between only the n = 2 and n = 4modes. Solving (4.15) for 2N = 4, we find
-λ∣ = ω j = 12 + O(ξ2), (4.20a)
~λ2 = ωl = 90 + O(ξ2). (4.206)Thus, mode interaction is negligible up to O(ξ') (or O(∖∕W)). Although we have considered explicitly only the interaction between n = 2 and n = 4, this result can be generalized for arbitrary n and JV. The general treatment will be given in the next subsection following equation (4.34). From this argument, we can see that the frequency of oscillation does not change due to the straining flow up to this order, i.e. there is no O(y∕W) term in the axisymmetric expression for the frequency change as a function of Weber number.
4.1.c) Numerical evaluation of eigenvalues for larger Weber number
In deriving (4.14), no restriction was imposed on the Weber number except indirectly via the assumption that the steady shape is spherical. In the present subsection, we adopt the ad hoe point of view discussed at the beginning of this section, and we numerically evaluate the eigenvalues of (4.14) for the whole range of Weber numbers up to values of O(l), in order to study the influence of
- 131 -the bulk flow on shape oscillations for a spherical bubble. As discussed earlier, we presume that this will reflect at least qualitatively the behavior of a real (deformed) bubble in the same situation.We begin by rewriting equation (4.14) in the form
^n + Knδn = ~Lnδn+2+Mnδn-2~ Sn^n+4 + Tnδn+2 + Unδn^2~^n^n-4∙ (4.2l)
Thus, defining xn-ι = δn, xn = δn (e.g., for even modes) again, we find
^n-1 ~ xnι
in — Knxn-l LnXnJr2 + MnXn-i SnXn+Z 4" ^n^Cn+l ^t^ UnXn~3 VnXn-5 for n = 2,4, ∙ ° ∙,2JV. (4.22)In vector form x = A ■ x, (4.23)where A is∕ ° ! ∖
-κ2 0 r2 -l2 -S20 0 0 1 0
u4 M4 -k4 0 τ4 -l4 -s40 0 0 0 0 1 0-V6 0 U6 Me -κβ 0 Tβ -l6
0 0 0 0 0 1
-v2n 0 u2n Af2ΛΓ —K2N Q∕
The eigenvalues of A were calculated numerically for several Weber numbers by varying N until converged values were obtained for the particular mode, n, of interest. From this numerical calculation, we found that the eigenvalues can be either purely real or purely imaginary. For example, the eigenvalues of the n — 2 mode for several Weber numbers and different levels of truncation (i.e., values
- 132 -of TV) are shown in table 1. As we can see, the calculated eigenvalues for the 
n = 2 mode show very good convergence as N increases. With a large number 
N included, the critical Weber number, at which the square of the n = 2 mode eigenvalue changes sign from negative to positive, was found to be 4.62. If we neglect any intermode interaction (i.e., consider only 2N = n = 2 corresponding to the first column in table 1), we get the crudest estimation of the critical Weber number as 4.95. Since this crudest estimation overestimates the final critical value of 4.62 by only 7 % , it is obvious that intermode interaction does not have a strong effect on the results.
In figure 4, the eigenvalues for both the n = 2 and n = 3 modes (estimated for 2N = 20) are shown as a function of the Weber number. The upper graph shows that both eigenvalues change from pure imaginary to pure real at critical Weber numbers (4.62 for n = 2 mode and 8.58 for n = 3 mode). The lower graph shows the real parts of these eigenvalues as a function of the Weber number. Since the magnitude of the imaginary eigenvalue decreases with an increase of 
W, for small W, we can see that the frequency of oscillation of these two modes decreases as the Weber number increases, and becomes zero at the critical values. At a higher Weber number the bubble motion is unstable because the real part of one eigenvalue becomes positive.
The fact that the frequency of oscillation decreases in a straining flow has an important physical significance, because it provides one example of frequency modification of a bubble in a certain type flow. Although we do not include any steady-state shape correction in this analysis, it does provide the simplest ap­proximation to the actual oscillatory motion of a bubble in a straining flow. In particular, though the frequency of oscillation and the critical Weber number value will clearly deviate from the true values for a deformed bubble, the quali­tative result that the frequency decreases and becomes zero at a certain critical value of W will be the same. This fact is confirmed by the asymptotic analysis, with the O(W) steady state shape correction included, in the next subsection,
- 133 -and is also confirmed by the numerical solution of Kang & Leal (1987). The significance of a critical Weber number, where the true frequency of oscillation becomes zero, is that this critical value will correspond exactly to a limit point of the corresponding steady state solution. Therefore, the existence of a limit point of the steady solution, which was predicted by the numerical analyses of Miksis (1981) and Ryskin & Leal (1984), is again confirmed by a totally dif­ferent approach, subject only to the assumption that the oscillatory behavior of a spherical bubble is at least qualitatively representative of that for a real deformed bubble. The fact that the zero frequency point is predicted here to occur at W = 4.62, whereas the steady-state limit of convergence was found to be W -= 2.76, is presumably a consequence of the restriction to a spherical base case in the present analysis.
4.2. Oscillation of a Slightly Deformed Bubble for W « 1
In the previous subsection, we studied the effect of straining flow on the stability and oscillatory motion of a spherical bubble. Insofar as it can be ap­plied to a spherical bubble, our analysis is applicable for an arbitrary Weber number. However we showed numerically (Ryskin & Leal) and via the pertur­bation analysis of section 3 that the steady-state shape at finite Weber number is not spherical in an axisymmetric straining flow, and an immediate question arises about the effect of the non-spherical shape on the oscillatory motion. In this subsection we therefore consider the oscillatory motion of a bubble with the steady-state shape corrected to leading order (i.e., O(W)) based upon the small W expansion of section 3. To be consistent with the previous subsection, we should not introduce any assumption except that the steady-state shape is given by R = 1 + Wζβ (ζ3 is given in (3.34)) over the whole range of interesting 
W values. However, then, the problem becomes extremely complicated because the change of steady-state shape (Wfβ) requires an O(W3∕2) correction of the steady-state velocity potential, whose solution is itself moderately complicated.
- 134 -Instead, we confine ourselves to a strict asymptotic analysis for the limit of very small Weber'numbers, including all 0(W) terms (only) in the solution.The analysis follows that of the preceding subsection (4.1) but with the steady shape function corrected to include the O(W) term from section 3. Thus, the velocity potential and the shape function can be written as
Φ =i Φa +Φu= ∖∣~^,φa +O(W^} + ιφu, (4.24)
f = fβ + fu = Wζβ + O(W2) + eζu, (4.25)where ≠.-=AW(jrj + ∣r-s), f. = ⅛4,¾(<j)+⅛,1,⅛)25672 P2(r}) 252 PM,OÖ
Φu = ∑2 Ιn(t)r~^n+^Pn(η),
n=0
ζu — ^n(i)^θn(rZ)∙
n=0In (4.24) φa and φu denote the steady velocity potential and the disturbance velocity potential, respectively, while fa and ∕u denote the shape function and the disturbance shape function, respectively. The governing equation for the disturbance velocity potential is simply Laplace’s equation. The asymptotically correct boundary conditions for an infinitesimal disturbance of O(e) at a small Weber number are derived as follows. First, formally perturb the kinematic condition and the normal stress condition about the steady state, φ = φa and f = 
fa for an. arbitrary fixed W, and retain only the O(e) terms. The resulting 0(e) boundary conditions are partial differential equations with a single parameter 
W. To achieve the correct, leading-order asymptotic form for the boundary conditions for W ≪ 1, we substitute the steady-state velocity potential and the steady-state shape function (φa = ∖f^^Φa + O(Wi), fa = Wζa + 0(W2)) into the boundary conditions, and retain terms up to 0(W).
- 135 -The boundary conditions at O(e) and <9(VΓ), obtained by the domain per­turbation technique, are a bit more complicated than those of the previous analysis. In particular, the kinematic condition is
∂ζu ∂φi
∂θ ∂θ
∂2φu _ ∂ζ8 ∂φu 
, ∂τi ∂θ ∂θ
at r = 1, (4.26)
and the normal stress condition becomes
∂φ,
∂ta-sr+w<⅛⅛+Jτw∙ ■ v≠∙> ÷ ∖ (τ) i4<v≠> ∙ v≠∙>∞= 53(n-l)(n + 2)6nPn(η)
n=0 oo- 2iy⅛'υ J26fe(fc2 + fc + 4)P3(∏)Pfc(∏)⅛≈0
oo- 2iy⅛sυ52<5i(Z2 + ∕ + 18)P4(∏)Pfc(r7) at r = 1. (4.27)i=oAlso, we must use the fact that the volume of the bubble is conserved and that the bubble center remains at the origin. These conditions can be easily derived from equations (2.10) and (2.11):
j {,ζu + 2fVζ8ζu}dr∣ — 0, (4.28)
y ∏(⅛ + 3tvς,iβ)dt∣ = 0. (4.29)
ι
»1
Here, we note that these latter conditions were satisfied in the analysis of the previous subsection by letting So = δ± = 0 in equation (4.9).By a similar procedure to that shown in the previous section, we can derive the following asymptotic equations for the amplitude functions <Sn(i), valid up to O(W) (or O(ξ2)),⅛w = -5fi2 (∣⅛∙,,⅝w+j⅛'1,⅛ w) .
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W) 25 £ ½⅛(i)⅛'υ + (⅛⅛W + ⅛⅛w) ⅛',υ35and ‰+((n2 - l)(n + 2) - ξ2(<3+0(n) + ∆(n))^5n 
= ~ ξ^J+2(n)5n+2 “ ∙7-2(λ)6λ-2^




where ∆(n) = ~ ((«2 - l)(n + 2) (⅛4⅛o(*) + ⅛,1⅛))
- (n - l)(n + 2) (⅛*1⅛0(n) + δ^T0(n))+ 2⅛,,1∖n + l)(n2 + n + 4)Q0(n)+ 2⅛,υ(n + l)(n2 + n + 18)Λ0(n)^,
with ,
2« + 1 Γ1Qo(n) = ∕ P2PnPndx,
2 J ~ι‰(n) = ≥i~ ∣'PtPnPndx,
⅛(n) = ⅛±2 f * (1 - ι2)P2'P√-Pn<∕ι,
2 J-ιT0(π) = ?2±i y1(ι-χ2)P√P√Pn<⅛∙
In (4.30) the Dzk8 are velΥ complicated functions of n of <9(n3), which are not given here explicitly because the effect of the terms involving these coefficients will be shown below to be at most O(ξ3) (or O(W3∕2)).To evaluate the eigenvalues of the system of equations (4.30), we assume that the solution can be expressed as
δn = δn0ext. (4.31)
- 137-Then, by substituting (4.3l) into (4.30), we get the following equation for the truncated system of equations (arbitrarily large)
A∙x = 0, (4.32)
where the elements of A and x are given byβ<,i = λ2 + ^(4t2 — l)(2t + 2) — ξ2(Go(2t) + ∆(2t))^, α*,t+ι = λξJ+2(2t) + D2(2i)ξ2, 




Then the characteristic equation for the eigenvalues is given by
det(A) = 0. (4.33)
By definition, we can calculate the determinant as
det(A) = e(⅛ι, ∙ ∙ ∙, kN)alkl ∙ ∙ ∙ aNklt, (4.34)(⅛ι ,°°°,fcχ )where the summation extends over all N∖ arrangements (kx, ∙ ∙ -, ky) of (1, ■ ■ ∙, TV) and <(fcx, ∙ ∙ ∙, ⅛λγ) ≡ sgnΠx<r≤a<Λτ(fcβ ∙ ∙ ∙ kr). Now, we can show, for any N × N matrix, that the number of off-diagonal elements in the term αι⅛, ∙ ∙ ■ a-NkN of (4.34) cannot be one. To show that, let us consider any off-diagonal element in the term αx⅛l ∙∙∙αχfcκ (say anii for t-th row and fcj-th column, i ≠ fcj). Then, for the fc,-th row we cannot take a∣tiki (diagonal element), because any two elements in the term αx⅛i ∙ ∙ ∙ α^⅛jf cannot come from the same column. Therefore, we
- 138 -must pick one of the off-diagonal elements for the fct∙-th row. This proves that the number of off-diagonal element in α1⅛1 ∙ ∙ ∙ aιy⅛ii of (4.34) cannot be one.Two important consequences can be drawn from this fact. First, the effect of off-diagonal elements is at most O(ξ2) (or O(W)), which applies to the discussion following equation (4.20) in the previous subsection. Therefore, there is no 
O(∖∕W) term in the asymptotic expression for the oscillation frequency as a function of the Weber number. Second, the effect of the Z?2fc’s in equation (4.30) is at most O(ξ3) because D2∣eζ2 must be multiplied by at least one of the other off-diagonal elements, which are at most O(ζ). Therefore, for our asymptotic analysis, which is rigorous up to O(ξ2), we can neglect the terms in (4.30) which involve the i?2*’s·Let us return to the asymptotic solution of (4.30) for small W. For this purpose, we retain only terms in (4.30) up to O(W). The resulting equation is^∏+^(n2 — l)(n + 1) — ξ2(G+0(n) + ∆(n))^dn 
. =-ξ(j+2(n)d∏+2- J-2(n)^-2) for n > 2. (4.35)
Since the coefficient of 6n in (4.35) is positive for W ≪ 1, where the present analysis is intended to apply, equation (4.35) is of the same type as equation (4.15) in the previous subsection, and the same procedure can be used to prove that the eigenvalues are again purely imaginary. Indeed, in this case, if we consider the truncated system involving only the n = 2 and » = 4 modes, we obtain the same result as before, equation (4.20), but with the O(W) correction to the oscillation frequency now evaluated
~⅛ = u,∣ ≈ 12(l - (g°(¾⅛⅜W)^ _ l2(1 -0,311y), (4.36)
-λj =ωJ ≈ βθ(l - (≤≥W±ΔW )ξ2 + 55^)= 90(1 +0.016tF), (4.37) 
where Go(2) = 0.776, Δ(2) = -0.00635,Go(4) = 2.12, Δ(4) = 0.555.
- 139-Although these results were obtained by considering the interaction between only the first two even modes, it can be rigorously shown that the inclusion of higher-order modes does not affect the asymptotic formula (4.36) for the n = 2 mode up to O(ζ2}.To show that this is true, let us consider again the characteristic equation for the eigenvalues of the truncated system of (4.35). Then by a procedure similar to that used earlier, we can show that the characteristic equation is given by a determinant of a tridiagonal matrix. If we denote the determinant of the m × m tridiagonal matrix as ∣Ajm, then all we must show is that ∣A∣jv = o(ξ2) for any 
N ≥ 2, provided that ∣AJ1 = O(ζ2) and ∣A∣2 = o(ξ2) (these last two conditions are satified by (4.36)). To do so, assume ∣A∣fc-1 ≤ O(ξ2) and ∣A∣fc = o(ξ2). Then
∣A∣fc+ι = -αfc,⅛+ιαfc+ι,⅛∣A∣fc-1 + αfc+1,fc+1∣A∣fc 
= O(i) O(ξ) O(i2) + 0(1) o(ξ2)= o(i2)and for k = 2, the assumption is true. This proves that the formula (4.36) is asymptotically rigorous up to O(ξ2).One interesting result from the analysis of this subsection, which is asymp­totically rigorous to O(W), is that the frequency of the principal mode (i.e., 
n = 2 or n = 3) decreases as Weber number increases, thus corroborating the 
ad hoe numerical result for a spherical bubble obtained in the preceding section 4.1.c. We shall present a comparison of all of results obtained in sections 4.1 and 4.2 later in section 5. For now, let us simply note that the asymptotic formula, extrapolated to W ~ 0(1), suggests that the frequency u>2 will go to zero at 
W ~ 3.2. It is interesting that this value is closer to the numerical limit point of 2.76, obtained by Miksis(1981) and Ryskin & Leal (1984), than the value 4.62 obtained in the preceding section via numerical analysis for a spherical bubble.
4.3. The Influence of Weak Viscous Effects on Bubble Oscillation
- 140-From the analysis of the preceding section we found that the frequency of oscillation decreases with an increasing Weber number in an inviscid straining flow. In this section, we explore the effect of a small viscous contribution to bubble oscillation in a uniaxial straining flow. Here, we again introduce the ad 
hoc approximation that the steady-state shape is spherical for the whole Weber number range of interest, as in subsection 4.1.c.If viscous forces are very small relative to non-viscous forces, then viscous effects will be confined to a very thin boundary layer near the bubble surface. If the interface separates two liquids, or a gas and a liquid with appreciable kinematic viscosity in the gas, explicit account must be given of the boundary layer. When the bubble has a negligible kinematic viscosity or is a void, however, viscous effects are extremely weak and a first approximation to their effect on bubble motion can be obtained from the inviscid solution. One approach, first used by Lamb (1932), is to use the inviscid solution in the whole fluid to estimate the viscous dissipation associated with bubble oscillation (Lamb 1932; Miller & Scriven 1968). However, there is a difficulty in application of this dissipation method to the present problem, because the total kinetic energy of the external flow is not defined. In the present analysis, we therefore use an alternative method, which is equivalent to Lamb’s dissipation method, in which we ignore the boundary layer and use the potential flow solution right up to the boundary, with the effect of viscosity included by adding a viscous pressure correction and the viscous stress term to the normal stress balance, using the inviscid flow solution to estimate their values.The normal stress condition, with the pressure correction and the viscous stress terms included, is given by
-p,' + (c'(i') + p% + ■ V≠') + = -7 (V ■ n)
at r, = a +f'{9,t'},where pv, is the pressure correction due to viscosity, and denotes differ­entiation in the direction of the outward normal vector (cf. equation 2.3 for
- 141 -comparison). Non-dimensionalization with the characteristic scales (2.5) gives -P. + (c(i) + + iv≠ ∙ V≠) + = (V ∙ n) (4.38)
at r = l + ∕(0,i),where the dimensionless parameter S is defined as
s _ μφe∕α2 _ tc _ tc>3ur 
pφc∕tc a1∕v tejυiβIt is evident that S can be interpreted as the ratio of a surface tension based time scale and the viscosity diffusion time, α2∕zz. S can also be expressed in terms of the Weber and Reynolds numbers as
S =
Re ’where Reynolds number Re is defined as Re ≈ 2pEa2∣μ. In the present analysis we assume that S « 1.As stated earlier, we consider the influence of weak viscous effects (5 « 1) on the oscillation of a bubble that is assumed to be spherical at steady state for the whole range of Weber numbers, W = O(l). Hence, a small disturbance to the spherical shape is introduced as before,W
W
φ = ~φs + C≠tt (4.39α)-^2(∏)(∣r3 + ~r^3) + c 52 Ιn(t}r-^n+1'>Pn(η),Λ≈0oo
-R = l + e ftt = l÷e ∑δn(t}Pn(η)i (4.39δ)
n==2but this time it includes the viscous terms in equation (4.38). The governing equation and the boundary conditions are the same as those in section 4.1 except for the normal stress condition. Following the approach of section 4.1, it would seem that a convenient form of the normal stress condition for the unsteady,
- 142 -disturbance variables could be obtained by application of the domain perturba­tion technique to transform (4.38) applied at the actual, time-dependent bubble surface to an equivalent condition applied at r = 1. This procedure can, in fact, be applied to all terms in (4.38) except for the viscous pressure correction, where it does not work. The problem with pv(r,0) is that it is confined to a very thin boundary layer so that the usual approximation
Pv(l + ‰0) = pυ(l,0) + e^u~4l,0) + ∙ ∙ ■
breaks down {∂pυ∣∂r is large). In spite of this difficulty with pv, however, it is still useful to apply the domain perturbation to all other terms in (4.38). If we do this, subtract the steady normal stress condition for the steady-state bubble shape† and then retain only terms of O(e), we obtain+ [⅞Γ+■ v*·’+1 (τ) ■ v≠.)
, 2jfa⅛- , ,■ ,lw^d∣32φ∙} I 
+ 2s'∙ ∂τi + iuv 2⅛'⅛>∣+1V 2 at'( at "jγ=i∞= ∑(n~ 1)(n + 2)^nPn(iz). (4.40)
n=2Here, pw is the disturbance of the pressure correction due to unsteady deforma­tion, which can be expressed in the formPv = ∣(pv(l + efu>0) -P*(M)), (4.41)
where pυ(l + eftt,0) denotes the pressure correction due to viscosity at the per­turbed, unsteady bubble surface, and p*(l,0) denotes the steady-state, viscous pressure correction at the spherical bubble surface.† In spite of the fact that the steady-state normal stress balance is not ex­actly satisfied for the assumed spherical steady-state base shape, we subtract the full steady-state condition to remove terms that would otherwise act to su­perpose a time-dependent evolution toward the correct steady shape onto the time-dependent oscillations of shape that concern us here.
- 143 -The viscous pressure correction pv(l + eζu,θ) in (4.41) should be obtained, in principle, by solving the Navier-Stokes equation with boundary conditions applied at the actual deformed bubble surface (Ä = 1 + eζ∖1) ■ In practice, how­ever, this is extremely difficult for the high Reynolds number problem, because the usual domain perturbation technique is not again applicable to the tangen­tial stress condition (the tangential stress has a singular-like behavior near the boundary at high Reynolds numbers that is very similar to pυ). As a conse­quence, in the present work, we adopt the ad hoc approximation of applying the tangential stress condition at the undeformed spherical surface (R = 1) rather than at the actual deformed bubble surface (Ä = 1 + eftt). This approxima­tion results in an error in the viscous pressure correction of O(ep*(l,0)) (where p*(l,0) denotes the pressure correction obtained with the approximation), i.e.
Pv(l + <*a,0) = pζ(l,0) + efuO(pζ(l,0)). (4.42)
The effect of the error terms will be discussed later.A general formula relating the viscous pressure correction to the vorticity distribution is derived in the appendix for a spherical bubble in an arbitrary axisymmetric flow. This formula can be applied in the present problem to evaluate p*(l,0) and p*(l,0), and thus, via the approximation (4.42), we can approximate pυ in equation (4.40). Since we ignore the boundary layer, the pressure corrections at r = 1, obtained from the formula (A10) derived in the appendix, can be expressed in the forms
oo
pζ(l,fl) ≈ J2nSΓn(l)Pn(costf), (4.43o)
n≈0ooJ>ι(l,f)=≈ ∑>SΓn*(l)A(cos0). (4.436)
n=0The coefficients Tn(l) in (4.43) are obtained from the vorticity value at r = 1,
_ Tn dPn __ due ue 1 ∂ur 
ω ~ ~ ~ ~∂7 + T ~ 7~∂θ,
n=0
(4.44)
- 144 -and the tangential stress condition that must be satisfied at r = 1
due v∙e 1 ∂ur _




By substituting the potential flow field in (4.39a) into (4.46), and by comparing the coefficients of dPn∣dθ, we obtain5 WΓ2(l) = --y — - 2e(n + 2)‰ for n = 2,
Γn(l) = -2e(n + 2)‰ for n ψ 2.For the steady-state problem, we have
5 !wΓ2β(l) = -i√τ, for n = 2,




(4.47d)Thus, using (4.42), (4.43), and (4.47), we can estimate the disturbance of the viscous pressure pv in (4.41) as
00
Pv = -(2S) n(n + 2)<γn∙F,n + ∙ O(S√W5j. (4.48)
n=2Then, the normal stress condition (4.40) can be written as52 [^'n + (2^)(2n + l)(n + 2)7n]Pn(η) + - V≠u)
n=2OO TI∕, 23
= 53 [(» -1)(»+2) - O(S√^) - J (y) 5i(v≠. ∙ V≠.)] ⅛rn(,)
n=2 at r = 1. (4.49)
Although we do not know the details of the O(Sy∕W) term, it can be safely neglected if S ≪ 1 and ∖∕W <C 1 because S∖∕W ≪ 5. If ∖∕W = O(l) and
- 145 -
S ≪ 1, on the other hand, the O(<S∙√zW) term is apparently comparable to the O(S) term. However, the roles of the two terms are totally different. In particular, the O(Sy∕W) term yields a negligible correction to the oscillation frequency, while the O(S) term contributes to viscous damping at the leading order. Therefore, in deriving an equation for the amplitude of shape coefficients, <Srt(f), it is not unreasonable to neglect the O(S>∕W} term up to W ~ 0(1), as long as S ≪ 1.Now, we obtain a modified version of (4.14) by a similar procedure to that shown in the previous subsection 4.1, but this time we includes a viscous damping term,in+(2<S)(2n ÷ l)(n + 2)in + ^(n2 ~ l)(n + 2) — ξ2Gro(n)^in
= — i^+2(^)^n+2 — ∙I-2(n)in-2  ̂ (4.50)
— ζ2 ( O+4(n)0n+4 — G+2(rc)6n+2 ~ O_2(n)dw_2 + Ο_4(η)ίη_4 j,
where ξ = ∣y ^y,, and the other coefficients are given in equation (4.14).As in the subsection 4.1, it is advantageous to begin by studying the asymp­totic behavior of (4.50) for several limiting cases. First, we study the asymptotic form for the limit n → ∞, and then, the asymptotic form for asymptotically very small Weber numbers. Following this, we study the behavior of equation (4.50) for a wide range of Weber numbers but small S, by evaluating the eigenvalues numerically.
4.3.a) Asymptotic form for the limit n → ∞
For the limit n → 00, if we rescale time as t = ωt = n3∕2f, equation (4.50) is reduced to the form
d2δn
dti
+ (4S)n1>z2^ + 5n = 0 
dt
as n ∞.
- 146 -The physical significance of this result is that the high-frequency modes are damped out faster than the low-frequency modes. It may also be noted that only aperiodic damping is possible for all high-frequency modes with n > nc = 1∕4S2.
4.3. b) ξ< S < 1 caseIn this limit, the effect of the straining flow can be neglected (£ = 0). The result (4.50) for ξ = 0 is identical to that obtained many years ago by Lamb (1932) using the dissipation argument cited earlier. For this zero mean flow limit, it is well known that only aperiodic damping is possible for S > {(n2 — l)∕(n + 2)∕(2n + l)2}1∕2 (e.g., S > 0.173 for n = 2).
4.3. c) Numerical evaluation of eigenvalues for larger Weber numbers but small SFinally, the eigenvalue for the n = 2 mode is numerically evaluated for a wide range of Weber numbers. The real and the imaginary parts are shown in figure 5 for several values of S. For a very small S' (S' < 0.05), the solution behavior is more or less the same as in the zero viscosity case except that the oscillation is weakly damped. In particular, the frequencies of oscillation are almost the same as in the inviscid case. The numerical results also show that the eigenvalues can be either complex numbers with negative real parts, or pure real numbers. For a given S below 0.173, two eigenvalues for the principal mode (n = 2) are complex numbers with negative real parts in the range of 0 ≤ W ≤ Wcl, two are pure negative real numbers for Wcχ ≤ W ≤ Wc2, and one is a negative real number but the other is a positive real number for W > Wc2. Therefore, for S < 0.173, a bubble can undergo oscillatory damping, or aperiodic damping, or an unstable deformation, depending on the value of the Weber number.The two critical values of Wel and Wc2 for the principal mode are shown as a function of S in figure 6. From this figure we can see that the critical value for Wcl decreases as S increases as expected, and that an oscillatory damping does not exist for S > 0.173. The critical value Wc2 for instability, on the other
- 147-hand, is almost constant, independent of S. Here we must note that we have used the ad hoc assumption of a spherical base state and neglected O(S∖∕W') terms in the analysis. If we included the steady-state shape effect and/or the 
O(Sy/ÏV) terms, then possibly different results for Wc2 would be obtained. Kang and Leal’s (1987) full time-dependent numerical analysis showed that Wc2 is a decreasing function of S (Wc2 ~ 2.8 for 5 = 0, Wc2 i~ 2.2 for S = 0.021, and Wc2 ~ 1.0 for S = 0.14).
5. Discussion of Results
5.1. Accuracy of the Steady State Solution
In figure 7, we compare the shape function ∕(≡ 22 — 1) at the stagnation points (at θ ~ 0 and 0 = -~), as estimated from the first-order and the second- order W-perturbation solution with the numerical solutions of Ryskin & Leal (1984). The upper limit on W corresponds to the point beyond which a nu­merical solution of the steady-state problem could not be achieved. The second order VF-perturbation solution shows very good agreement with the numerical solution for W < 1.5, but the discrepancy for higher Weber numbers clearly shows the need for higher-order terms to get the accurate results for higher We­ber numbers (though it is possible that no finite number of terms would give good results for W cs Wc', see section 3). The first-order solution agrees very well with the numerical solution up to W = 0.5, and shows reasonable agree­ment up to W = 1. Since we used the first-order, steady-state solution to derive the asymptotic formula for frequency change at small Weber number, the accu­racy of the first-order, steady-state solution provides valuable insight into the range of Weber numbers where the asymptotic formula can be expected to give reasonable quantitative results. On this basis, the asymptotic formula for the oscillation frequency should be accurate at least up to W = 0.5, and reasonably good for even higher Weber numbers.
5.2. Small Amplitude Oscillation about the Steady-State Shape
- 148 -In figure 8, we plot the square of the frequency for the n = 2 mode (ω,22) as predicted by the perturbation analysis, together with the numerical results of Kang and Leal (1987). As shown in the previous section, the small amplitude analysis is performed in two ways. In the first approach, we assume that the steady state shape is spherical for the complete Weber number range of interest. The curved broken line in figure 8 represents the numerically evaluated frequen­cies in this analysis. Since the true steady-state shape deviates from spherical as the Weber number increases, a quantitative discrepancy between this spherical solution and the numerical result is not surprising for the higher Weber number region, as is indeed shown in figure 8. The critical Weber number at which the frequency becomes zero is found to be 4.62 for this perturbation about a sphere. In contrast, the numerical solution shows that the critical value should be between 2.7 and 2.8, if bubble deformation were taken into account. The relatively large discrepancy between these values is clearly due to the neglect of deformation in the steady state shape. Note, however, that the qualitative effect of the flow on the oscillation frequency is more or less the same as that found numerically.The second result shown in figure 8 is the rigorous asymptotic analysis, where the steady-state shape deformation is included up to O(W). The simple asymptotic formula obtained for the frequency change of the n = 2 mode is ωχ2 = 12(1- 0.3lW)s which is shown as the dotted straight line in figure 8. This asymptotic formula shows excellent agreement with the numerical solution up to W ~ 2, and the predicted critical value 3.2 is much closer to the numerically obtained result.It is worthwhile to note that the existence of a zero-frequency Weber num­ber is equivalent to the existence of a limit point for the steady-state solution. In fact, the critical value for zero frequency predicted numerically by Kang & Leal (1987) is precisely the same as the limit point of the steady-state solution found numerically by Miksis (1981) and Ryskin <k Leal (1984). The reason why
- 149 -the zero-frequency point is equivalent to the limit point of the steady state so­lution is very clear. Since the small amplitude oscillation corresponds to the unsteady behavior of a small disturbance to the steady-state solution, the Jaco­bian matrix for the small perturbation clearly must become singular at the zero frequency point (or zero-eigenvalue point). In addition, we can show that the limit point is a turning point. Therefore, the steady state solution of the branch emanating from the spherical shape for W = 0 does not exist for W > Wc in the neighborhood of the critical point (see Miksis (1981)). From this point of view, the zero-frequency point (or the transition point from a purely imaginary eigenvalue to a purely real eigenvalue) obtained by the perturbation anaysis is clearly an asymptotically predicted limit point for the existence of the steady state solution, rather than a simple onset point for instability of the steady state.
5.3. The Influence of Weak Viscosity Effects
The analysis of weak viscous effects shows that viscosity has a stabilizing effect in damping the amplitude of oscillation. However, for a given fixed vis­cosity (or S), the unsteady bubble motion can be categorized as one of damped oscillation, aperiodic damping, and unstable indefinite deformation depending on the value of the Weber number. Thus, there are two kinds of critical Weber number when viscous effects are included in the analysis. They are the zero- frequency point where the bubble motion changes from oscillatory damping to aperiodic damping, and the zero eigenvalue point where the steady-state bubble shape reaches a limit point.
β° Conclusions
The analyses reported in this paper have led to the following general con­clusions:1. The steady-state analysis based on the small parameter e =< R,P2 > enables us to obtain an estimate of the critical Weber number beyond which no
- 150 -steady state solution is found (e.g., the critical value 1.73 is estimated from the third order solution).2. The first-order steady solution in W shows that the maximum radius occurs at 9 = ττ∕6, which clearly indicates the barrellike steady state shape for higher a Weber number, which was first obtained by the numerical analysis of Miksis (1981) and Ryskin & Leal (1984).3. The small amplitude oscillation analysis about the spherical steady- state shape shows that a bubble still oscillates in an inviscid straining flow, but that the frequency decreases as the Weber number increases. For the spherical bubble, the frequency goes to zero at W = We = 4.62. Thus, a spherical bubble in an inviscid straining flow would be unstable for Weber numbers larger than 4.62.4. The result of the asymptotic analysis for small amplitude oscillation, including the correct steady-state shape up to O(W), also shows that a bubble undergoes oscillatory motion with a reduced frequency because of the straining flow, for example, for the n = 2 mode, ω2 = ωo2(l ~ 0.31W), where ∣λ>o is the oscillation frequency of the bubble in a quiescent fluid (for the same mode).5. When we consider weak viscous effects, we find that small amplitude bubble motions in a uniaxial straining flow can be categorized into three types depending on the value of the Weber number: a damped oscillation for Weber numbers below the zero-frequency point (the eigenvalue becomes pure real at this point) ; an aperodic damping between the zero-frequency point and the zero eigenvalue point (at least one eigenvalue becomes zero at this point); and an unstable indefinite deformation above the zero-eigenvalue point.
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- 151 -Appendix: Derivation of a general formula for the viscous pressure correction for a spherical bubble in an arbitrary axisymmetric flow.
Let us begin by considering a weak viscous flow superposed on a given potential flow field.
U = Up + uυThen, the Navier-Stokes equation for the viscous correction for small S in di­mensionless form is given by
+ (uP ∙ V)uυ + (uυ ∙ V)up = -Vpv + SV2uυ + o(√S) (Al) 
otwith the boundary conditions uw → 0 as r → oo, and uυr = 0 at r = 1. By taking the curl of equation (Al), we get the vorticity equation (⅛ = 7 × uυ)
-^ + V×(ωxup) = ~S7x(Vxω), (A2)
Since the vorticity field is solenoidal (V ∙ω = 0), we can express the vorticity for this axisymmetric problem in terms of toroidal (T) fields (Chandrasekhar 1961; Prosperetti 1977).
QO
ω = T = V × (∑Γn(r,i)Pn(cos0)er) (A3)
w=0Also, the viscous correction to the velocity field of the axisymmetric problem can be expressed, in general, as
oo oo ∞1. = ( ∑ Tnpn)er - VΦ = ( £ TnPn)er - V(∑ φ„) (A4)
n=0 n=0 n=0where Φ is an unknown potential function that must be determined to satisfy the incompressibility condition and the boundary conditions. From the incom­pressibility condition, we have
V2Φn = V ∙ (ΓΛer). (Λ5)
- 152 -The solution of (A5) satisfying the kinematic condition (uwr(l,0) = 0) was obtained by Prosperetti (1977).
(an(⅛) + 2” ∕ι s nTn(s,t)d3}rn
+ ⅛a"W + τΓΓι ∕'a"+lτ^∙t^r'^
Φn=Pn
(A6)
The unknown coefficient an(t} in (A6) is determined by the regularity condition at infinity. = (X7)A differential equation for Tn(r, i) is obtained by substituting (A3) into (A2)
00




where G(r,t) denotes the terms that are independent of θ. Finally, an equation for the viscous pressure correction pυ is obtained from (Al), (A4), and (A6),
ΣΛ=≈0 —pn+⅛ ⅜+g ÷ +1) rnpa∂t r dθ + ∂^(-Φ+uυ∙up+pv) =0. (A9)Upon integrating (A9) with pυ(∞) = 0 and eliminating the time-derivative terms, we get
00p√M) = 52
n=o L
n∕θ°r^n^1 Σ fnMTn+kdr 
. Ji k=-oβ
+ f ∑ ((r~n∂n,M -r~n-lgntl(l})Tn+l'∖dr (A10) 
l=-oo' ×+ nSΓn(l) Pn(cos0),
where
00 00 00 0∑(∑ ∕Λt)i,. = ∑(M.-∕ P,,⅛a>)rn),
n=0 fc=-00 n=0 j°
- 153 -∞ ∞∑(∑^,Λ+,)Pπ = ∑(⅛^).
n=0 l=-oo n=OThe general formula (A10) can be used to estimate the viscous pressure correc­tion for a spherical bubble in an arbitrary axisymmetric flow field.
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Figure Captions
Figure 1. An oscillating bubble in an inviscid straining flow.Figure 2. Representation of steady-state solutions in two different ways (A :< 
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LS. Kang and L.G. LealDepartment of Chemical Engineering California Institute of Technology Pasadena, California 91125
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AbstractThe drag coefficient Cd = 48/Æ for a spherical bubble in a uniform stream­ing flow at a high Reynolds number, which was first obtained via a dissipation method by Levich [Zh. Eksp. Thecret. Fiz. 19, 18 (1949)], is rederived here by direct integration of the normal stress over the bubble surface. The present study also shows that the drag coefficient up to O(R~1) depends only on the 0(1) vorticity distribution right on the bubble surface, and is independent of the vorticity distribution in the fluid. Therefore, the drag coefficient up to 0(R-1) is completely determined by the irrotational flow solution, which is perfectly consistent with the dissipation method.
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I. INTRODUCTION
In the present paper, we are concerned with the classical problem of the drag coefficient on a spherical bubble in a uniform streaming flow at large Reynolds numbers.The famous result Cp = 48/R, which is accurate to O(R-1), was first obtained via a dissipation method by Levich1 and Ackeret.2 The dissipation method is extremely powerful and simple. Since it derives from an overall macroscopic mechanical energy balance, it requires neither the stress nor pres­sure distributions on the bubble surface, nor yields any information about their form. Although this is a great advantage from a computational point of view, we must recognize that no insight is possible to understand how the simple re­sult Cd = 48/R can be obtained from the presumably complicated pressure and stress distributions at the bubble surface. Thus, in principle, a direct integra­tion of the normal stress contributions over the bubble surface would provide at least a desirable complement to the macroscopic approach. However, at­tempts to carry out this calculation have so far been unsuccessful. In particular, Moore3 obtained Cd = 32∕R by integrating an approximation to the normal stress over the bubble surface. However, Moore included only the normal vis­cous stress, which was approximated using the irrotational flow solution, plus the inviscid pressure field obtained via Bernoulli’s theorem. The discrepancy between Moore’s result and the result of the dissipation method, as pointed out by Batchelor (in Moore4), was due to the neglect of viscous corrections to the pressure in the boundary layer; i.e., the pressure correction in the boundary layer is the same order as the normal viscous stress term (O(jR-1)).Later, Moore4 reported a complete boundary layer analysis, including the viscous pressure correction. Unfortunately, however, he was not able to get a uniformly valid solution in the vicinity of the rear stagnation point, and thus a uniformly valid pressure correction was also not obtained. Therefore, instead of calculating the drag coefficient by a direct integration of normal stress forces
- 169-over the bubble surface, Moore utilized a macroscopic momentum balance (mo­
mentum defect}, as suggested by Landau and Lifshitz,5 to obtain the correct drag coefficient Cd = 48/JÎ. He also improved upon Levich’s result by calcu­lating the dissipation from the boundary layer, stagnation region and wake, to obtain c>4(1-⅛w-li2>'
Although Moore’s4 result is complete up to O(R~3f2}, his boundary layer solution does not give any help in terms of the viscous stress and pressure dis­tributions, in understanding the contributions that yield the result C∩ = 48/72 obtained by the macroscopic methods. In particular, Moore’s expression for the viscous pressure correction (denoted by pυ}, obtained from the boundary layer solution, does not give a contribution of 16/Ä to the drag coefficient, which is the difference between the viscous stress contribution (Moore3) of 32/R and the accepted result 48/JS from dissipation arguments. Moore’s4 prediction of pw(l,0) for a spherical bubble is readily obtained by setting y = 0 in his Eq. (2.37) pw(l, θ} = -^(1 — cos0)2(2 -1- cosθ} f sin2 θ,
Rwhere θ is the angle measured from the front stagnation point. This viscous pressure prediction p,,(l,0) is a monotonically increasing function of θ and be­comes unbounded as 6 → π. In fact, Moore’s expression for pw(l, Ô) is incomplete because it neglects the contribution to pressure due to displacement thickness effects, which are expected to be important at the rear of the bubble. Un­fortunately, however, the displacement thickness correction has not yet been successfully evaluated.Thus, to date, the drag coefficient for motion of a spherical bubble has still not been obtained by direct integration of the normal viscous stress and pres­sure over the bubble surface. In this paper, we derive a uniformly valid viscous pressure correction in a way that is different from the conventional boundary layer analysis, and we avoid the problem of non-uniform validity for θ → π. To
- 170 -do this, we obtain a uniformly valid pressure correction by means of a general relationship between the viscous pressure correction and the vorticity distribu­tion for a spherical bubble in an arbitrary axisymmetric flow that was derived by Kang and Leal.6 Although it is extremely difficult to determine the vorticity distribution in detail, we show that the information needed to calculate the drag coefficient can be readily obtained from the irrotational flow solution. Thus, as a final step, we calculate the drag coefficient, to O(E-1), by integrating the normal viscous stress and pressure over the bubble surface, and we show that Levich’s original result is reproduced.
II. PROBLEM FORMULATION
We aim to calculate the drag coefficient for a spherical bubble of volume 4πα3∕3 in a steady uniform streaming flow at a high Reynolds number. The fluid is characterized by a constant density p and viscosity μ, and the equation of motion in dimensionless form is given asu ∙ Vu = -Vp+ (⅛)V2u. (1)
aIn Eq. (1), we have used the following characteristic scales
Ue = Uoo,
lc ~ O">
Pc — Pu∞ιwhere Uao denotes the magnitude of the velocity of the undisturbed streaming flow. The Reynolds number in (1) is defined as
&__2paU9θ
βThe boundary conditions at the bubble surface are
u ∙ n = 0 at r = 1, (2α)
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τrQ = 0 at r = 1, (2ό)
and the condition at infinity is given as
u → Uooex as r → ∞, (2c)
where ex denotes a unit vector in the direction of streaming flow.
IΠ. DRAG COEFFICIENT BY DIRECT INTEGRATION
OF NORMAL STRESS
Our aim is to calculate the dimensionless drag force for a spherical bubble by direct integration of the normal stress at the bubble surface. Hence,
Fz = ^j^ = ∕sτrreχ'erds
= 2π I τrrP1(cosθ)shιθdθ, (3)
Jqwhere Fs is the dimensional drag force, and θ is the angle measured from the rear stagnation point; i.e., θ = π~θ. The dimensionless total normal stress τrr is given by τrr = — p + (4∕R)(∂ur∕∂r). The drag coefficient is thus given as
τ'
Clearly, to carry out this calculation, we must determine all viscous stress and pressure contributions to τrr up to an accuracy of <9(R-1). The viscous stress contribution can be obtained directly from the solution for irrotational flow around a sphere 1
upθ = -sin0(l + - ), upr= cosβ(l-^∙),
Pi (cos θ) sin θdθ. 4)
(5α)
(56)
- 172 -where the subscript p stands for the irrotatioual flow. As shown by Moore,3 the irrotational flow solution (5) provides a uniformly valid, leading order approx­imation for the velocity field, satisfying (1) and (2) in the limit R → ∞. The normal stress can thus be obtained as
, 4 .,∂ur.
^ = -p+⅛)⅛>= -Pv-Pp + (5)(¾i) + <>(j). (6)
Here, pp is the pressure distribution correponding to the solution (5), while 
pv denotes the viscous pressure correction at O(R~i) due to viscous effects. The normal viscous stress term in (6) is easily obtained to O(R~1) from the irrotational flow solution; i.e.,
= ⅛c°s0 = ⅛p1(c0sθ) at r=1∙ (7)
The irrotational flow pressure distribution, which is 0(1), does not contribute to the drag. However, to obtain a complete result for the drag at O(72-1), it is necessary to calculate the viscous pressure contribution at O(22-1). We have seen that this has so far proven impossible because of the lack of a uniformly valid expression for the viscous pressure correction, pv.
IV. VISCOUS PRESSURE CORRECTION
AND DRAG COEFFICIENT
In this section, the drag coefficient is calculated up to 0(R~1} using Eqs. (4), (6), and (7). We do this by making use of a general relationship between the viscous pressure correction and the vorticity distribution for a spherical bubble in an arbitrary axisymmetric flow that was derived by Kang and Leal.6Kang and Leal6 derived the general formula under the assumption that the velocity perturbation around a bubble due to viscosity approaches zero every­where in the domain as R → 00; i.e.,
II uv ∣∣<<∣∣ up II for R » 1, (8)
- 173 -which is known from, the earlier work of Moore.4 Indeed, Moore showed that j∣ up ∣∣= 0(1), H uυ ∣∣= 0(R~λ∕2} in the boundary layer, and that ∣∣ up ∣∣= O(22~1∕θ), II uυ ∣∣= O(22-1∕3) in the region near the rear stagnation point of linear size 0(E-1∕6). He also showed that ∣∣ up ∣∣= 0(1) and ∣∣ uυ ∣∣= 0(Λ^1∕2) in the wake region. Therefore, the assumption made in (8) is valid everywhere in the solution domain. Since the vorticity is solenoidal (V ∙ ω = 0), Kang and Leal expressed the vorticity in terms of toroidal (T) fields for an arbitrary axisymmetric problem, following Chandrasekhar7 and Prosperetti.8
ω = T = V × 57 Γn(r, f)Pn (cos 0)er ) (9)
By substituting (9) into the vorticity transport equation and expressing the perturbed Navier-Stokes equation for uυ in terms of the Tn,s, Kang and Leal derived the following formula for the viscous pressure correction at the surface of a spherical bubble in an arbitrary axisymmetric flow (steady or unsteady) at a high Reynolds number (see Kang and Leal6 for a detailed derivation).
pv(i,0,t) = 57n=0 ∞1 ∑ Λ,*(r)Γn+t<ir k=-oo
+ Jt ∑, ((r'n3n,i(r) ~r " l3n,l(l))Tn+ι)<ir 
+ n(∣)τ√l,t) Pn(cosi),
(10)
where oθ oo 0° ∕ Λ∑( ∑ ∕.λγ.+*)p. = ∑((<⅛,p.-∕ p⅛λ>)t.),
rt=0 fc=-OO l»=0 θ
∑(∑^Λ+,)P. = ∑(‰n=∩ 7— *t,ss∏ dpn∖ dθ )‘Before going on to the specific problem of utilizing this result in Eqs. (4) and (6) to obtain an expression for the drag coefficient for a spherical bubble









Hence, substituting (12) and (13) into the general formula (10), we obtainpυ(l,5) = ∑∖ [ n=o∣∙jι
°° -n-ln(n~ 1)
2n + 3 κ , 2n + 3 2n∈2i{F(r) - G(r) + r⅛(l)}Γn.,(r)<Zr
+ n⅛)T.(l) Pn (cos 0).
Rewriting (14) in order to take advantage of the fact that only the Pi(cos0) mode makes a contribution to the drag, we have
J⅛(l, «) = [I ∣i°° r~2 {F(r) + 2(G(r) - G(l)) }Γ,(r)*
+ RTl^ Pi (cos 0) + J2 CnPn(cosθ), 
n≠l
(15)
where, Cn,s are constants that can be evaluated if we know Γn(r),s for r > 1. Furthermore, referring to the definitions of P(r) and G(r) in (11), we see
P(r)+2(G(r)-G(l)) ≡ 0. (16)





n(up6 _ 1 ∂upr ∖ » 2½ r ∂θ -,1 —3 sind + o(l). r=l + o(l) (17)ι —
In deriving (17), we applied the vanishing tangential stress condition at the bubble surface (Eq. (2b)) and used the fact that the velocity perturbation is
- 176-negligible up to 0(1). From (17), we obtain.
Γ1(l) = -3. (18)
Therefore, we have
Pv(l,0) = ∕,1(cos0) + J2 σ"pn(cos θ) + θ(⅛. (19)
By substituting (7) and (19) into (6), we obtain the total normal stress distri­bution on the bubble surface.18 > ■* 1 rrr(l,0) = —-Pl(c∞θ) + J2 CnPn{cQsθ} + o(—) (20)
Hence, substituting (20) into (4), we obtain Levich’s well-known result for the drag coefficient on a spherical bubble in a uniform streaming flow
(21)
which was previously obtained only via macroscopic mechanical energy (dissi­pation) and momentum balances.
V. COMPARISON WITH NUMERICAL ANALYSIS RESULTSThe analytic results obtained in previous sections are compared with resultsobtained by numerical analysis in Figs. 1 and 2. For the numerical analysis, a simplified version of Ryskin and Leal’s9 algorithm was used to solve the full steady Navier-Stokes equation for a spherical bubble. The profiles of ∣ for various Reynolds numbers are given in Fig. 1, where 6 is the angle measured from the front stagnation point; i.e., θ = π-θ. Since ∣ 1 → ∣ uniformlyas R → ∞, the validity of the approximation in (6), ∣ = |r=1 +o(1),is verified numerically.In Fig. 2, the viscous pressure corrections, pv = p — pp, are plotted against 
θ. When 6 ≤ O.67r, the viscous pressure correction is an increasing function
- 177-of θ as Moore’s4 solution predicts. However, at the backside of the bubble (0.6π ≤ θ ≤ τr), the viscous pressure correction decreases very rapidly. Moore’s solution, which was obtained from the boundary layer analysis, does not pre­dict this pressure decrease at the backside of the bubble. As discussed earlier, however, Moore’s result is incomplete because it does not include displacement thickness effects; it assumes that pv(r,θ) tends to zero at the outer edge of the boundary layer. This may account for the poor agreement between Moore’s re­sult and the numerical results. Since the viscous drag is due only to the Pi (cos 0) components of the normal stress, the P1(cos θ) components obtained numerically are also compared with the theoretical prediction of the present work. In Fig. 2, we must note that the Pi (cos 0) component obtained numerically approaches the theoretical prediction as the Reynolds number increases, even though the distribution of pv changes considerably. This fact can be explained as follows. Since the convective contribution increases with respect to the diffusive contri­bution as the Reynolds number increases, the vorticity distribution in the region outside the bubble also should change. However, the vorticity distribution right on the bubble surface remains unchanged up to O(l) (see Eq. (17)). As we can see in (15) and (16) (note that θ = ττ — 0), pυ(l,0) itself is a function of the vorticity distribution in the region outside the bubble, but the Pi (cos θ') contribution up to O(P-1) depends only on the vorticity distribution right on the bubble surface. Therefore, the P1(cos0) component of R ∙pv should remain unchanged up to 0(1).
VI. CONCLUSION
1. The drag coefficient Cd = 48/R, which was obtained by the dissipation method by Levich,1 was rederived via direct integration of the total normal stress over the bubble surface.2. Examination of the normal stress distribution on the bubble surface shows that the drag coefficient to 0(P-1) is independent of the vorticity distri-
- 178 -bution in the region outside the bubble. In particular, the vorticity distribution in the region outside the bubble does not contribute at a∏ to the Pχ (cos 0) mode pressure distribution up to O(R~1). This fact is perfectly consistent with the result obtained earlier by the dissipation method, in which the vorticity in the region outside the bubble is neglected for calculation of the drag coefficient to O(i-*).3. The reason why the simple result C∑> ≈ 49 ∕R is obtained even with the complicated functional dependence of the normal stress on 0, which has not been understood by the dissipation method, is clearly explained by showing that Pχ(cos0) contribution to the pressure distribution at O(P-1) depends only on the 0(1) vorticity distribution right on the bubble surface. The 0(1) vorticity distribution on the bubble surface is readily obtained from the irrotational flow solution and it has a simple functional dependence on 0.
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Low Reynolds number Voidage Bubble 
in a Fluidized Bed
- 184 -
AbstractA voidage bubble in a fluidized bed is considered for the low Reynolds number limit. The problem has been formulated as a generalized drop problem with an additional parameter W = ua∕Ub, where uβ and t⅞ are the magnitudes of the slip and the bubble rise velocities. In the creeping flow limit, the steady and unsteady deformations are invariant to the change of W. A cloud formation is predicted also for the creeping flow limit, and the thickness of the cloud is larger than that for the potential flow limit at the same value oι β ≈W∕(1- a), where 
α is the volume fraction of solid in the mixture phase. When the inertial effect is considered, the effect of W on the deformation first appears. The deformation is either faster or slower than the case of W = 0, depending on the values of κ and -γ, where they are the ratios of viscosity and density of the pure fluid inside the bubble to those of the mixture phase outside the bubble.
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I. Introduction
One of the most important but least understood problems in chemical en­gineering is the problem of a voidage bubble in a fluidized bed. Voidage bub­ble formation is common in gas-fluidized beds and may also occur in a liquid- fluidized bed when the ratio of the particle to the liquid density is large. Rising voidage bubbles in a fluidized bed have significant effects on the fluid mixing patterns and the heat and mass transfer; consequently, a clear understanding of this problem is essential to the practical applications such as development or improvement of the fluidized beds. Furthermore, a voidage bubble problem can provide an excellent model problem in studying the multiphase flows; for exam­ple, we can verify the validity of a proposed constitutive equation by comparing the theoretical predictions of the bubble behaviors and those observed in the experiments.Above all, the remarkable similarity between the shapes of the voidage bubble in a fluidized bed and the gas bubble in a pure liquid has attracted attention of many researchers. The endeavor on development of theories on a fluidized bed bubble was initially focused on solving model equations with the assumption of the fixed shapes to predict a correct qualitative description of fundamental bubble properties.The first model of a bubble in an extended uniform fluidized bed was sug­gested by Davidson (1963), who considered simultaneously the irrotational flow of a continuum representing the particulate phase around the bubble, and the fil­tration of the interstitial fluid within a porous body of moving particles (so-called 
two-interpenetrating-phase model}. Jackson (1963) included amass acceleration term in the equation for the particle motion and he further allowed for local variation of voidage in the viscinity of the bubble. Another model of the steady motion of a single bubble was given by Murray (1965), who used a modified Oseen technique. He pointed out that only three of his four equations (two continuity equations and two equations of motion) were independent. Later,
- 186-Buyevich (1975) noted that this result came from the assumption of uniform voidage in the suspension.Models of same general type were developed in such a way as to include non-stationary effects accompanying initial motion of bubbles (Murray 1967; Collins 1971), the interaction with other bubbles and interaction with the walls of a container (Collins 1971; Clift et al. 1972). An interesting model that allows bubble growth or shrinkage during the rise of bubbles was also considered by Buyevich (1975), with spherical and spherical-cap bubbles considered as limiting cases. Finally, Collins (1982) analyzed the cloud patterns around an expanding bubble.In spite of the appreciable numbers of existing, theoretical studies of voidage bubble motion, it should be noted that there is still considerable uncertainty in the form of basic equations for two-phase flows. This is particularly true of the constitutive equations and boundary conditions where present studies normally resort to the simplest possible ad hoe assumptions. Nevertheless, comparison of the theoretical model predictions with experimental data in the case of voidage bubble motion shows that theories yield a correct qualitative description of many fundamental bubble properties. There are, nonetheless, systematic differences between the theoretical conclusions and the observed phenomena. Moreover, there exists an inherent defect characteristic of all of the above theories, which lies in presuming the bubble shape to be given a priori, whereas it ought to be found as a part of a solution.The first paper in this direction was published by Batchelor (1974), who assumed that the part of the fluidized bed containing particles is statistically homogeneous in composition and behaves like a Newtonian fluid whose density and viscosity are different from those of the pure fluid inside the bubble (so- called one-mixture-phase model ; in this model the motion of particle phase with respect to the average velocity of the mixture phase is described in terms of slip velocity). He then analyzed the bubble deformation in the creeping flow regime
- 187 -by solving Stokes equation with the ad hoc boundary conditions of velocity continuity, stress continuity and a kinematic condition at the bubble surface. Although his solution is not of direct practical value because of the creeping flow approximation, Batchelor clearly showed the way to treat this intriguing kind of two-phase flow system (he showed that the spherical shape is the steady- state solution in the creeping flow regime).As we can see above, previous investigations have been mostly confined to either irrotational flow or creeping flow of Newtonian fluid around a given shape a priori (although Batchelor considered the problem as a free-boundary problem, the trivial spherical shape is the solution for his problem). Therefore, in the present paper, we attempt to extend Batchelor’s analysis via formulating the problem as a full, free-boundary problem and analyzing it for steady and unsteady deformation at a low Reynolds number. Although the current analysis is limited to the low Reynolds number problem due to the analytical solution method adopted here, the same kind of formulation can be easily extended to the finite Reynolds number problem and it can be analyzed via numerical analysis.
II. Problem Formulation
1. Governing Equations and Boundary Conditions
The first step in studying the suspension flow is to determine the equations that govern the flow. These equations are written in terms of the average density 
p = app + (1 — θi)pf, the volume-averaged velocity u = αup + (1 - α)u∕, and the slip velocity uβ = up — u, where pp and p/ are the particle and fluid densities, up and Uy are the local average particle and fluid velocities, and 
a is the volume fraction of solids. If we assume that the suspension can be modeled as a Newtonian fluid with an effective viscosity depending on the local concentration, the governing equations are:continuity:
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(1)V ■ u = Ο,particle continuity:
Dpa
Dt
—off ∙ uβ, (2)where is the convective time derivative moving with the particle velocity.momentum:
∙dpup . „ xDfnfp<,a~BΓ + p^1~ ^~Dt~
Du , ∕ ∖Γ-0uβ , rτ=∕>p→(0p-0∕)⅛r+u.'vu
a.+ Γ^',iu∙tv-u'>+(Γ⅛u∙vα
ffp + V " μ(a) (u + uτ) + PS,
+ z,rtt(tt-l)-p∕a2nι Vu_ 
a — 1
(3)
where p is the local mean value of -1/3-times the trace of the stress tensor. The slip velocity is determined from the particle equation of motion
',oy'⅛ = Σ f = r° + (*,o - Wwhere Fp is the drag force on the particle and Vp is the volume of the particle of interest. For low particle Reynolds numbers, we assume that the drag on a single particle is only concentration-dependent, which is equivalent to the drift flux formation: Fd = 6τrμα(up -u∕)F(a).If the system Reynolds number is small (Re « l), we can assume that the particle time scale is small with respect to fluid motion, so that the particles are essentially in equilibrium. Then Eq.(4) simplifies to
uβ
(l-α)F(α) ιtoes uo∕(α)eff, (5)where u0 is the terminal velocity of a single particle in fluid, and eg is the unit vector in the direction of gravity, and f(a) → 1 as a → 0.
- 189-Since uniform a can be a solution of (2), let us assume a is uniform and constant in the mixture phase. Then (3) can be simplified to the following simple form with (5) and uniformity of a,ρ(^ + fcuβ∙ Vu) =-Vp + μV2u + pg, (6)
where
, _ <*(∕⅛ ~ Pf)
PNow, we have the complete governing equations for the mixture phase outside the voidage bubble (see Fig. 1)
V ∙ u = 0, (l)
+λuβ-Vu) =-Vp + μV2u + pg, (6)
uβ = u0∕(α)eff. (5)Inside the bubble, the Navier-Stokes equation for the pure fluid is used
V ■ Û = 0, (7)
p~ =-Vp+ μV2fi+ pg. (8)The matching conditions at the discontinuous surface are1) velocity continuity u = Û, (9)2) stress jump condition[n ∙ τ] = [n ∙ (1 - a)p∕(uz - u")(uz - u°) , (10)
where n is the outward unit normal on the bubble surface and u° denotes the velocity of solid phase at the boundary;3) kinematic condition 1 ∂F I VF I ∂t ’n∙(u°-Ufe) = (H)
- 190 -where U⅛ denotes the velocity of the center of the bubble with respect to the fixed frame. In (il) F is the function that describes the bubble shape by F(x — x0,i) = 0, where xo(i) denotes the position vector of the center of mass.
2. Dimensionless equations with respect to the moving frame of reference
The dimensional equations shown above are non-dimensionalized with the following characteristic scales,
ue =∣∣ us II,
∕c — ®S
pc =----- ∙.
aSince the bubble rise velocity is often measured in experiments, ∣∣ U⅛ ∣∣ is chosen as the characteristic velocity scale. The governing equations for the domain outside the bubble become (for convenience, the same notations are used for the dimensionless variables and hereafter the dimensional variables will be denoted by the superscript ') V - u = 0, (12α)22e(i⅜¾^ + u'vu + λuβ" 7u) = ~7p + v2u-jββ⅛⅛ρ (12δ)
uβ = Wes, (12c)where p is the dimensionless dynamic pressure. For the domain inside the bubble, we have V ∙ û = 0, (13a)
-∣r'(⅜⅛+û ■Vû) = +- ^ir'⅜1⅛- i134>The dimensionless numbers in (12) and (13) are defined as Λe=≤⅛, (14o)
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k _ a(Pp ~ Pf)
P
(14ά)
κ = μ∕μ = μf∕μ, (14c)
Ι = P∣P = Pf∕P, (14d)
W-Ue - u°f^ 
uc uc ∙
(14e)In (14), k and 7 are not independent of each other, and we can easily show that they have the relationship such that
k + 7 = 1. (15)
«η = «η,
«t = ttt,
N = N + O(ReW2),
T = T + 0(ReW2}, 
a ∂R,
The boundary conditions in dimensionless variables at the discontinuous interface are given as (16a) (lβi) (lβc) (16d)
(16i)√1 + (⅛O2where N and T denote the normal and tangential stresses, respectively. In (16e) 
R' is the shape function of the bubble surface, which is given by the equation
F'(×' - x'0, t,} = r'- R'{θ, i') = 0,
where xζ is the position vector of the center of mass of the bubble. The kine­matic condition (16e) can be rewritten as the following form by means of the relationship up ==u + uβ = u + Weg





- 192 -Finally, the far field condition is given as
u-→(l-lV)eg as r → oo. (17)
Now, let us introduce the following assumptions in order to get an asymp­totic result by perturbation analysis.i) The Reynolds number is small; i.e., Re « 1.ii) The degree of deformation from the sphere is small; i.e. ∣∣ — 1 ∣∣≡ e « 1.iii) W « 1.Under these assumptions we can neglect the terms of O{Re ■ e) terms in governing equations, O(W2) terms in the stress balance, and the terms of O(e2) terms in the kinematic condition. Then, the simplified equations are
(12V)
(13⅛') (lβ√) (16d') (16e')We can simplify the equations further by introducing the following changes of variables u* = u + lVejs (18a)û* = û + Weff. (180)Then the governing equations for the small Reynolds number in terms of u* and Û* are given by V ∙ u* = 0,Rc[{u* + (fc - l)Weg} ∙ Vu*] = -Vp* + V2u*,
,Re(u ∙ Vu + fcuβ ∙ VuJ = -Vp + V2u,




«« = «» = -Weg ∙ n +
(19α)(19δ)(19c)V∙fi* = 0,
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^lRe [{Û* -W<st} · Vû*] = - Vp* + «V2Û*. (19d)
Also, the boundary conditions are given byA A Attn = «»> (20α)
* A *ttt = ttt, (20ό)
Nt = Nt, (20c)
T* = t*, 
a4 ∂R
(20d)
~un~~∂t, (20e)and the far-field condition is given as
u' → eg as r → ∞. (20∕)From (19)-(20), we can draw several conclusions without solving the problem explicitly. First, we can see the equations and boundary conditions of (19)-(20) degenerate to the conventional drop problem for Re = 0; thus, the steady-state shape and the unsteady deformation of shape for creeping flow (Re = 0) are exactly the same as those for the conventional drop problem. Therefore, for the creeping flow limit, we do not need any separate analysis. Second, if Re ≠ 0, the steady or unsteady deformation will be different from those of the conventional drop problem unless W = 0 or k = 1 (i.e., 7 = 0).
ATo solve the problem, we introduce the stream functions ψ* and ≠*, which satisfy the relationships 1 a≠* r2 ∂η ’ Uβ√l - η2 l∂ψ* r ∂r ’ (21)u *rwhere η = cos 6, and θ is the angle measured from the rear stagnation point. Then the governing equations in terms of ≠* and ≠* are given asw-[⅛⅞T≈∙>ι∣⅛τ∙S)








≠' = WQ1(η)r2.In (22), Qn(∏) *∙ the Gegenbauer polynomial, which is defined as
qπ⅛)=y,pn(ξ)di. (23)
In the following sections, we discuss the creeping flow solution and the small inertial effect on the deformation.
IΠ. Creeping Flow Solution (Re = 0)
The steady-state solution for the conventional drop problem in the creeping flow limit is the well-known Hadamar d—Rybczynβki solution. For the unsteady problem, the small deformation from the spherical shape was analyzed by Kojima et al. (1984). Since we have shown the governing equations and the boundary conditions in terms of the changed variables u* and Û* are exactly the same as the conventional drop problem in this limit, we can utilize the results obtained by previous workers.
1. Steady-state solution
The well-known Hadamard-Rybczynski solution in terms of the modified variables is given by
Rq = 1) (24α)
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and
≠5 = ~Qι(η) 3/c + 2 ■r + κ li
≠* = Qι(∏)
2(∕c + l) 2(∕c+l)-rJ,
(r2 - r4)
(24b)
(24c)2(∕c + 1) 'Then the solution in terms of original variables is easily recovered by the rela­tionship (18), which is expressed in terms of stream functions as following:
≠ = ≠* + WQ1(η)r2,
Ψ = ψ* + WQ1(η)r2.Therefore,
Rq = 1,2 3/c -)- 2. λ f ⅛ Γz τvr∖ C +  ∕C 1≠o→ι(φ-"')r -ji-πyr + 5l-πy-]







This zero-th order solution was first obtained by Batchelor (1974) by means of the general solution for the creeping flow.Now, it is instructive to examine the special cases of (26).(i) W = 0: The solution (26) reduces to the well-known Hadamard-Rybczynski solution.(ii) κ → 0:This case cooresponds to the gas-fluidized bed. In this case (26b) reduces to the simple form ≠o = -Qι(∏) [d - W)r2 - r] . (27)
The particle-phase and gas-phase stream functions corresponding to (27) are
≠o = ~Qι(rl) r2 - r],




where β = τ^-.The important feature of the solution (28b) is that it predicts the cloud formation for Ub > ugoo, which has been observed experimentally and predicted by Davidson’s potential flow solution, but predicts no cloud formation for Ub < 
ugoo. The ratio β in (28) has a special physical interpretation. Since the solid phase has zero velocity at the points far from the bubble, the slip velocity is given as u'β = (1 - a}u'goo, (29)where u,8 and u'oo are the magnitude of the dimensional slip velocity and the gas phase velocity. By dividing both sides by the bubble rise velocity, and from the definition of W, (14e), we have
W _ u 1-«“ U'bTherefore, β is the ration of average gas phase velocity to the bubble rise velocity. The radius of the cloud for β < 1 is obtained from (28b) as
r. = γ^ = l+β + β2 + O(03). (30)
Davidson’s potential flow solution (1963) predicts the radius of cloud as
re
l + 2∕7∖ ι∕3 
l-β) l+β + O(β3). (31)
In Fig. 2, the cloud thicknesses in both limits are compared as functions of the parameter β. As we can see in Fig. 2, a thicker cloud is predicted in the creeping flow than in the potential flow limit for the same value of β.
2. Time-dependent kinematics (unsteady deformation)
As discussed above, the unsteady deformation of a voidage bubble in a fluidized bed is exactly the same as the result of the corresponding conventional drop problem. The unsteady-deformation of a drop in a creeping streaming flow
- 197-was solved by Kojima et al. (1984) via perturbation analysis for the cases of small deformation from spherical shape. Here, therefore, we simply mention the key results of Kojima et al. The shape of a slightly deformed drop can be described in terms of the Legendre polynomial∞
R(β,t) = l + <∑(2n + l)∕nPn(cos0) + O(e2), (32)
n=2where e is the measure of deformation and Pn is the Legendre polynomial of order n. The absence of terms Pq and Pχ in Eq. (32) ensures that volume is conserved and that the origin remains at the center of mass of the drop.For the small deformation, Kojima et al. derived the following dynamic equation for fn of (32) :





’ + [(4n, + sn3 + 2n, _ 8n
+ (8n4 + 16n3 + 4n2 — 4n + 3)∕c + (4n4 + 8λ3 + 2n3 + 4n) j, n =(4n4 + 8ji3 + 14n2 + 10n + 9)κ2 + (8n4 + 16n3 + 34λ2 - 40n - 27) κ + (4n4 + 8n3 + 20n2 + 22n + 18), n =2(κ+ l)(n + 2)(n — 2)[(2n2 + 4n + 3)∕c + (2n2 + 4n)],
6)∕c2
with κ ≡ μ∕μ.The characteristics of the system of Eq. (33) are fully discussed by Kojima et at, so here we briefly follow their asymptotic result for n → ∞. As n → ∞, (32) becomes d∕w _ 1 n(n + l)f , 2.
dt ~ 2(∕c + 1) (2n + 1) ifn~1 “ fn+1 + °{n )]- (34)
- 198 -Let f ~ E“=i(2n + l)∕nPn(cos0) which, according to Eq. (34), satisfies
∂f 1 . λ9∕ ^∞θ rsιn0-χτ = —~f∙>∂t 2(κ + l) ∂θ κ+Γ if the O(π~2) terms are omitted. From (35), f is given by,z.x ,,^∕l + cot20(*)∕2 V -t λ




[cot 0(0)/2] exp(f∕2(κ + l)) = cot 0(t)∕2. (365)
Asymptotic form of (35) as t → oo is given by the following simple results. If we let 0(0) → 0, we obtain
∕(i) → ∕(0) exp(i∕(κ + 1)),
whereas in the opposite limiting case, 0(0) → τr,
∕(t) → ∕(0)exp(-t∕(κ+ 1)).
From the asymptote result, we can see that the front stagnation point is stable, whereas the rear stagnation point is unstable (see the details in Kojima et al.).
ΓV. Inertial Effects
We turn our attention to the deformation of a spherical voidage bubble in the presence of small inertia. As we have seen in previous sections, the presence of inertia can produce different solution features from those for the conventional drop problem. Here we confine ourselves to the unsteady deformation of a voidage bubble due to the inertia starting from the spherical shape. As Kojima et al. showed for the conventional drop problem, the time-dependent kinematics of a nearly spherical voidage bubble in the presence of small inertia can be analyzed with very few modifications to the creeping flow solution. In this case
- 199 -we have the small parameter e = Re and assume that the measure of deformation is also 0(e); then the boundary conditions for normal velocity can be expanded as
Un = ur0 + c(urι + Ueof s'lliθ + f—) + O(c ) dû= uro + e(ttrι + U0o∕,sin0 + f ^0) + 0(e2) = ân>
where the subscripts 0, 1, ∙ ∙ ∙ denote the degree of deformation, and uro can be again expanded as
ur0 = ttr0 + eur0 + ' ‘ '>
where supersripts 0, 1, ∙ ∙ ∙ denote the order of Reynolds number. Also, urι can be expanded as url =s u°1 + eu∖ + ∙ ∙ ∙
Therefore, continuity of the normal component of the velocity can be expressed as
«r0=«r0 for °(1)>
ur0 + uri + tt%∕'sinfl + = 0⅛> + û?i + u%∕'sinfl +
for 0(e).
Now, since we have ttjo = ujo for the spherical bubble, the normal velocity condition is exactly the same as the condition for the creeping flow problem up to 0(e). In the same manner, we can also show that the same argument is true for the tangential velocity condition and the tangential stress condition. However, this is not the case for the normal stress condition because τrrO ≠ ^rrθ"> i.e., a spherical shape does not satisfy the normal stress condition for a non-zero Reynolds number. Let us discuss the normal stress condition in detail. The nomal stress condition can be expanded as follows*.
N = N° + e(Υ01 + N1o) + 0(e2) = Υo  + e(Υ01 + JV10) + O(e2) = N.
- 200 -Since N® = Nq (the spherical shape satisfies the normal stress condition in the creeping flow limit), we have
2V10 - N0l = -(JV01 - Λo1) = -(rr1r0 - rr1r0). (37)
Therefore, inclusion of the inertia effect up to O(Re) (or O(e)) simply results in the modification of the normal stress balance, otherwise exactly the same as the creeping flow problem. Now, let us calculate the normal stress imbalance for a spherical voidage bubble at a non-zero Reynolds number to supply the inhomogeneous term in the normal stress condition (Eq. (37)).
1. Normal stress imbalance for a spherical voidage bubble 
at small Reynolds number
As we can see in (22), the governing equations for the voidage bubble have extra forcing terms compared with those for the conventional drop problem. The extra terms do not cause any significant difficulties in analysis, and the normal stress imbalance for a spherical voidage at a non-zero Reynolds number can be easily derived by following the analysis for the conventional drop problem by Taylor and Acrivos (1964). Here we give only the final resultσ(κn) + ιV(k)w + o(py2)]p√cos0), (37)
where
V(κ,-,} = -(Λ⅛-Λ01) ,(v≈0 ∕A(cm<)
and
(3« + 2) (27∕c2 + 58« + 30) 1 - 7
V(∕c) =
80(∕c+l)3
19∕c3 + 36«2 + 16« — 1
12(« + I)2’




- 201 -The function V(κ) is shown in Fig. 3. Since the imbalance at θ = 0 (rear stagnation point) of the conventional drop is — U(k∙,ι) and the function —U is negative for 7 < 1 (rising drop), we can see that if κ < 0.0554, then the imbalance gets bigger and if κ > 0.0554, the imbalance is reduced.
2. Inertial effect on the unsteady deformation
Following Kojima et al. (1984), we can show that the normal stress imbal­ance for the spherical bubble results in an inhomogeneous term n = 2 in Eq. (33), which now becomes
G∏ dt — ∙^nfn+i, -t^ ^jnfn-1 ^n2αw> n ≥ 2, (38)
where ““ ^∙0- ιV(k)Wi U(k',ι} Jwith
a0 = i(⅛3 57 103(κ+ 1) LW + 20K + 40 'c+j)-⅛1('≈+1)]∙The ratios of αω∕αo axe shown in Fig. 4 for various 7 and κ. Since the effect of the inhogeneous term was discussed in detail by Kojima et al., here we simply quote the result of their asymptotic analysis for n → 00. The asymptotic form of (38) in the limit, n → 00 satisfies the following partial differential equation∂∕ 1 . adf cos0 f ο f a∖~ - n∣ " l~√Vsm^Η∑∙ = ~^71 f ~ otwχP2∖cosθ}, ∂t 2(∕c +1) ∂9 κ +1 (39)where Q≈wι = 5α<G2 ’and G2 is given below Eq. (33). Eq. (39) has the solution
f(t) —(∕c + l)αwι cos0.(∕(0) - (« + l)αu-1cosi(0)) (i±^m)2exp(-=L) (40)
+
- 202 -along the characteristics given by Eq. (36b). In (40), ∕(0) is the shape function at t = 0. Expanding Eq. (40) at small time yields
f = ∕(0) -t[aw1P2 ~ {∕(0)∕(*+ 1)} cos <?] +o(t), (41)
while, as t → ∞,
∕(t) -* [∕(°) - (« + 1)αwι] exp(i∕(κ + 1)) (42α)
at β = 0, and
∕(i) → [∕(θ) + (« + l)αwι]exp(-f∕(κ + 1)) (426)
at θ = ττ. As we can see (42a) and (42b), the spherical shape is stable near the front stagnation point, whereas it is unstable near the rear stagnation point. In the usual cases aw > 0, as we can see in (38) for IV « 1, the voidage bubble will deform as shown in Fig. 5(a). However, if κ > κ,c = 0.0554, then 
aw < αo, so we have slower deformation than the conventional drop problem provided all parameters are the same for both cases except W. Although our analysis is based on the assumption W « 1, if we assume the result is valid even for W = O(1), quite interesting solution behaviors are obtained. For example, 
aw = 0 at W = Wc, which is given by
We U(^Ι)
7Vγ(k) 'If aw = 0, the spherical shape is the steady solution for the non-zero Reynolds number (Fig. 5(b)). If aw < 0, the voidage bubble will be deformed as shown in Fig. 5(c).
V. Conclusion
In the present paper, we formulated the voidage bubble problem as a gen­eralized drop problem incorporating the assumptions described in Sec. II. The
- 203 -generalized drop problem includes an additional parameter W = ua∕Uι,, and it degenerates to the conventional drop problem for W = 0. In the analysis given in preceding sections, therefore, a particular interest has been given to the effect of the parameter W on the solution behavior. From the analysis of the steady and unsteady deformation of the voidage bubble we have reached the following conclusions:(1) In the creeping flow limit, the steady and unsteady deformations axe invariant to the change of VF; i.e., the deformation of a voidage bubble is ex­actly the same as a conventional drop, provided two problems have the same dimensionless parameters except for W.(2) Cloud formation is predicted also in the creeping flow limit and the thickness of the cloud for the voidage bubble in a gas fluidized is given as rc — 1 = 
β∕(l — β}, where β = VF∕(1 — a). According to Davison & Harrison (1963), the prediction of rc — 1 for the potential flow limit is rc — 1 = (l + 2β∕l-β)1∕3-l. Therefore, the predictions for both cases can be described as rc — 1 = β + O(β2) for β « 1.(3) When Re = 0, the front stagnation point of the steady state shape is stable; in contrast, the rear stagnation point is unsteable with respect to the small disturbance.(4) When the inertia effect is considered, the effect of W on the deformation first appears. If κ < 0.0554, the normal stress imbalance gets bigger, but if 
κ, > 0.0554, the normal stress imbalance is reduced (here κ is the viscosity ratio of inner fluid to the outer mixture phase). Consequently, for a positive VF, the unsteady deformation of a voidage bubble starting from a spherical shape is faster if κ < 0.0554, but slower than the VF = 0 case if κ > 0.0554.
Appendix
The continuum models employed in the multiphase flow study can be largely categorized into the following two major models.
- 204 -1. one-mixture-phase model2. two-interpenetrating-continuum modelIn the first model, the mixture phase of solid and fluid is considered as a statistically homogeneous Newtonian (or non-Newtonian) fluid that has the effective properties such as viscosity, density etc. This model has been used for the low Reynolds number problems such as the settling problem and the low Reynolds number voidage bubble problem (Batchelor 1974; Acrivos & Her- bolzheimer 1979). In the second model, the solid phase and fluid phase are assumed to take the whole space with certain probabilities (which are usually the volume fractions). This model has been used mainly for the modeling of a voidage bubble and the stability analysis of a fluidized bed (Anderson & Jack- son 1967; Buyevich 1972a, 1975; Davidson & Harrison 1963; Homsy et al. 1980; Drew 1983) Although each model has its own merit with respect to the other, there are still many questions to be answered in both models. For example, in the first model, the governing equation for the solid phase has not been formu­lated except for the problem of a very small Reynolds number. The question in the interpenetrating-continuum-model is due to the unmeasurable physical quantities such as solid phase stress. Even worse is that the relationship be­tween two models has not been clearly understood yet. Therefore, here, we attempt to show that the two models are equivalent at least in the limit Re → 0 via deriving the one-phase model from the other.Let us begin by writing the accepted governing equations in the interpene­trating continuum modelP∕(1 - «) + u∕ ∙ Vu/) = (1 - α) V ∙ T∕ - (1 - α)F∕ + (1 - α)pzg, (Al)
+ Up ' VUp) = ’ τ∕ + ° tp + (1 - q≈)f∕ ÷ (A2)where (1 —α)F∕ is the interaction force between two phases due to drag etc., and 
F2 is assumed to have the form for a low Reynolds number F; = C,(α)(u∕-up). In (A2), Tp is the so-called solid phase stress tensor, which is believed to come
- 205 -from the particle interactions such as collision or random behavior of particles. As discussed above, this quantity has so far been known to be unmeasurable. Only one available information for this quantity is due to Buyevich. Buyevich (1972a,b) derived this stress tensor in the following form via statistical mechan­ical analysis for the special case of uniform fluidization
τp = (,μz∣∣uz-u, IP, (A3)
where Lp is tensor function of voidage as shown in Fig. 7 of Buyevich (1972b). From his Fig. 7, we must note that ∣∣ Lp ∣∣< 0.6 and ∣∣ Lp ∣∣→ 0 as a → 0. An immediate conclusion from the formula for Tp is that
II T, 11= θAθ(X'). (A4)
u>Now we can derive the governing equation for the mixture as shown in Eq. (3) of Sec. ∏. By adding (Al) and (A2), we getX>p≈⅛+∕>∕(l-α)¾i = V∙(Tz + Tp)+pg. (A5)
Then, from (A5) with (A4) we have
V*T7 + pg-O(—)O(Ee). (A6)
CLBy substituting (A4) and (A6) into (A2) we get
F∕ + β(p, - pz)g = O(^)O(Re}. (A7)
Eq. (A7) becomes equivalent to Eq. (5) in Sec. ∏ as Re → 0. Therefore, the interpenetrating continuum model reduces to our one-phase model adopted in the present study at least for Re « 1.
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Qu > 0 aw — 0 αw < Ο
Figure 5
